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ABSTRACT: The thesis relates to some recent development in the theory of ordered exponential fields
and transfinite series and mainly aims to extend some results, by Berarducci, Mantova, Kuhlmann and
Matusinski, [2], on the interplay between the existence of an isomorphism from the additive reduct of
a field to its group of values and the possibility to define an analytic exponential structure in the case
of k-bounded Hahn fields.

In particular we answer, in the affirmative, to the question whether or not the value group of the field
of logarithmic exponential transseries is isomorphic to the additive reduct of the field itself. In the
process we also give an isomorphism theorem for such value group.

Also, a way of constructing analytic subfields from an ideal in the poset of subgroups of a monomial
group, is described, thus generalizing the notion of k-bounded Hahn field; some properties of the con-
struction are then discussed.

SUMMARY /INTRODUCTION: Consider an extension of ordered fields k C K: the group of k-relative
archimedean classes of K can be regarded as the quotient of the positive cone K> by the multiplica-
tive subgroup given by the convex span of the positive cone k>° of k, or equivalently as the value group
for a valuation whose valuation ring is the subring of k-finite elements, that is, elements bounded in
absolute value by some element of k.

A group of monomials M C K>Y for K relative to k is defined as a section of this quotient (more
precisely the image of such a section).

The field K can then be seen, although not canonically or uniquely, as a subfield of the Hahn Field
k(M) with coeflicients from &k and monomials form 9 via a suitable version of Hahn’s Embedding
Theorem.

It is thus natural to try to study extensions of k arising as subfields of k((G)) with G some multiplicative
group: the restriction to proper subfields is also actually necessary in order to have an exponential
structure because of a theorem by Shelah and Khulmann.

In order to exploit some of the properties of Hahn fields, one further restricts the study to what in
[2] is called an analytic subfield K C k((G)), these are fields closed by truncation and power series of
infinitesimal elements: they clearly come with a canonical valuation with value group G whose k-finite
elements are given by K N k(G=<1)).
On such structures a natural question is whether they admit a well behaved log-exp structure: the
condition to be required, motivated by the examples of surreal numbers and logarithmic exponential
transseries (from now on, LE-transseries), is that they satisfy the usual series expansion on infinitesi-
mal elements and that they define an ordered abelian group isomorphism between the additive group
of k-relative purely infinite elements (i.e. those that are sums only of infinite monomials) and the
multiplicative group of monomials. Such condition, defined in [2] is expressed saying that the log-exp
structure is analytic. Both the Surreal Numbers and LE-transseries, when regarded as analytic sub-
fields of the Hahn field with coefficients from R and monomial group their classical groups of monomials
in the usual way, and endowed with the usual logarithms and exponentials as defined respectively in
[6] and e.g. [9], are examples of analytic subfield with an analytic log-exp structure.

Surreal Numbers are an ordered exponential class field first introduced by Conway [5] to represent
strength positions in some games: they have since become an independent object of study after the
discovery (Gonshor, [6]) that they can be endowed with an exponential and a logarithm. It has also
been shown recently that they admit a differential structure and that they are connected with LE
Transseries (cfr Berarducci and Mantova, [3] and [4]).

The field of LE-Transseries on the other hand is an exponential field with a differential and has been
an object of interest ever since their use via the notion accelero-summation in problems of asymptotic
analysis and in Ecale’s solution of Dulac’s problem.

Now the class of surreal numbers No, is also endowed with an ordered abelian group isomorphism
w defined by Conway in [5], between its additive reduct (No,+) and the multiplicative group of its
monomials. It turns out that this is closely related to the definition of an exponential: in fact, for
surreal numbers the definition of exponential came later than that of omega maps.
The idea of Berarducci, Khulmann, Mantova and Matusinski in [2] was to generalize this to analytic
subfields and study the relation between the existence of an isomorphism from the additive reduct
of the field and its value group (briefly an w map) and the possibility to define analytic logarithms
and exponentials: in particular they mainly investigate analytic subfields of the form k(@) C k(GQ))
consisting only of sums with support of cardinality less then some regular cardinal x. Such kind of



fields, although quite general and somehow resembling the field of transseries, does not technically
specialize to the latter.

This left the question whether the field of logarithmic exponential transseries admits an w map with
respect to the natural valuation whose valuation ring consists of R-finite elements and the usual analytic
subfield structure.

It worths saying that although transseries can be embedded into the field of surreal numbers No (as
shown in [4]), it happens however that such embeddings define subfields of No that are not in general
closed with respect to Conway’s classical w.

The modest main new result of our work is to show that it is possible to define an omega map on
transseries:

Theorem 0.1. The Archimedean valuation group of the field of logarithmic exponential transseries is
isomorphic to the additive reduct of the field itself.

Along the way we also give a way of constructing analytic subfields starting from some additional
data such as an order ideal in the poset of subroups of a group of monomials, thus generalizing the
notion of k-bounded Hahn field studied in [2], and give some properties of this construction.

The presentation is structured as follows: after an introduction of the main concepts and the above
mentioned construction, we proceed with the abstract definition of transseries and the proof of the
main result together with a structure theorem for their value group:

Theorem 0.2. The value group MEL of transseries decomposes in a multiplicative lezicographic direct
sum of Z isomorphic copies of a same group N, and the corresponding valuation associated with the
decomposition mathces the classical notion of level. Moreover the multiplicative group 2N is isomorphic
to the additive reduct of the field of transseries with level below some fixed integer.

Thereafter we present surreal numbers giving a thorough review of their basic theory, finally we
describe the embedding of LE-transseries into them with the aim to discuss the relation between the
w map on surreals an the newly defined w-map.



Chapter 1

Preliminaries and notations

1.1 Generalities over Hahn Powers

Definition 1.1. Let (T, <) be a chain and (A4, 4,0, <) an ordered abelian group, we define the Hahn
power to be the ordered abelian group (A(T'),+,0, <) supported on the set of functions f : S(f) —
A\ {0} for some set S(f) C ' which is well ordered w.r.t. to the opposite order >, that is s.t. every
nonempty subset of S(f) has a maximum.

A(D) = {f € (A\{0})®: SCT, (S,>) well ordered}

Define the coefficient of the monomial m € I' in f as f,,

flm) ifm e S(f)
0 ifm ¢ S(f)

We also let Im(f) = max S(f), lc(f) = aim(y) and 1t(f) = Im(f)It(f), be respectively the leading term,
coefficient and term of f.

The sum is defined as the only function e +e : A((T")) x A(T")) — A(T)) such that (f + g)m = fim + gm,
we see that S(f 4+ g) C S(f) US(g).

The order is given by stating that f > 0 < lc(f) > 0.

An indexed family {x; € A(T") : ¢ € I} is said to be summable if |J{S(f) : f € F} is reverse well
ordered and for every m € T" the set {i € I : m € S(f;)} is finite. In such a case one can define the sum
of the family ), ; f; as the only element in A((I")) s.t.

(Zﬁ-)m— > (Fm

((fam)’_)fm) A((F))XF%A fm = {

el el
meS(f;)

Remark 1.2. To every element m € I' we can associate an element of A((T")) with support {m} and
value at m, 1. We denote such an element still by m; with such an identification I' C R((T')) and the
inclusion is an ordered group homomorphism from (T, -, <, 1) to the multiplicative subgroup of R((T"))
given by its the positive cone.

Remark 1.3. The notion of summability and sum of a summable family are invariant by permutation
of the indexing set I. Moreover every element of A(T')) can be written as

f = Z fmm
meS(f)
Another usual operation on Hahn powers is truncation

Definition 1.4. Given f € A(T)) and m € T one defines the truncation of f at m as flm =
f|S(f)ﬂ(7rL,oo)'

Z Jan = Z fan

neS(f) neS(f)

m n>m

Remark 1.5. Truncation is additive and defines a weakly increasing group homomorphism
o}m t A(T) — A(([m, 00)))

hence its kernel is the order convex subgroup A(((—o0,7))).



1.1.1 Hahn Fields

If instead of A we start with a field K and an ordered abelian group G then K((G)) is also naturally a
field.!

In order to state the definition of product we will need a lemma which will also come in handy later
throughout this section

Lemma 1.6. Let (A, <,+,0) be a totally ordered abelian group. If S C A is a well ordered subset,
then for every couple of sequences (ap)nen, (bn)nen € SN such that Gnt1 + b1 < apn + by for every
n € N one has that there are n < m s.t. a,, = a,, and b, = b,,.

Proof. Since S is well ordered there is a strictly increasing sequence of natural numbers (i, )nen such
that a;, < a;,,,: choose iy so that a;, = min{a; : i € N} then inductively let i,,1 be such that
a;,,, = min{ay : k > i,}. Analogously extracting a subsequence from (i,),en We end up with a
strictly increasing (jn)nen such that for every n one has aj, < aj,., and b; < b; ., now it easily

follows from a;, ., +bj,., < aj;, +b;, that a;, +0b;, =a;,., =bj. ... O

As a consequence of this one gets that if S is well ordered (or reverse well ordered), then an element
of S+ S can be written in at most a finite number of ways. In our case for a fixed n € G and two
reverse well ordered subsets M, L of G, the set {(m,l) € M x L : m -1l = n} is finite, one can thus
define the product as the only function such that

(f9n= > fa

leS(f)
meS(g)

m-l=n
in a very similar fashion to Cauchy product of power series. We explicitly note that S(f-g) C S(f)-S(g).

Fact 1.7. If K is an ordered field and G is a group then K((G)) is an ordered ring with the product
definition given above, moreover the product is distributive w.r.t. to infinite sums, that is to say, if
{fi:i€I} and {g;:j € J} are summable families then {f;g; :i € I,j € J} is a summable family and

<Zfz> Zgi :Zfigj
i€l jet i€l

In order to prove the existence of the inverse one usually makes use of the following fundamental
result, which together with the fact above follows from Lemma 1.6

Lemma 1.8 (Neumann). If z € K(G<')), then {2" : n € N} is a summable family, in particular for
every {k, :n € N\ {1}} defines a function K(G<')) — K(G<")

T Z knax"
neN
Corollary 1.9. IfK is an ordered field and G is a group then K(G)) is an ordered field.

Proof. Every element f € K((G)) can be written as

f=gk(l+2) g=Im(f)eG, k=l(f)eK, z=(¢")f-keK(G)

then one can check that g 'k~ [ 1+ Z(f:v)" is an inverse. O
n>1

Lemma 1.10. Let E be a subfield of K(G)) and assume A C K(G)) is a subset such that be a subset
such that for every reverse well order S C A and every S-indexed family {es € K: s € S} of elements
of E one has that {ess : s € S} is a summable family in K(G)), then there is one and only one map
E(A)) = K(G)) that sends each formal sum

Zelﬁi S E((A)) o€ OII, Vi < 7, 0; > 0;

i<a

in the same (well defined by hypothesis) infinite sum done in K(G)).

n general one could start with a ring and a linearly ordered monoid and get a ring.



A sufficient condition for E and A to satisfy the condition above is that said L = S(E) = [J{S(e) :
e € E}, one has that for every 6,y € A with § < 7 one has that S(§)L < S(y)L = 0: a more specific and
useful condition is that A C H C @ is contained in a subgroup of monomials H C G and E < H>'.
For future reference we isolate this in the following

Fact 1.11. Let E C K(G)) a subfield and H C G a sugroup such that H>* < E, then there is a unique
embedding E(H)) — K(G)) agreeing with the inclusions of E and H and preserving infinite sums.

Notation: If A, B are groups whose operation si written by some symbol * we use A® B to deonte the

<
direct product . If we are talking about ordered groups @ deontes the a lexicographic direct product
where the leftmost factor “weights” less:

(a,0) >0 <= (b>0)or (b=0&a>0)

We extend this to the case of infinite products, if " is a chain and (4,,-,1,<) is a I' indexed family

of groups @ A, is the multiplicative direct sum (only sums with fintie support), to be considered wit

el
the lexicographic order

xr = @ a,y>0<:>amaxs(x) >0
vES(w)

Corollary 1.12. There is an isomoprhism K((H; & H,)) 2 K((H1))(H2)), natural in all arguments.

Proof. There is an inclusion K((H;)) C K(H; 5 H,)), and Hy' > K((Hy)), one can then apply the Fact
above and get a map K((H1))(Hz)) — K(H; 5 H,)), this can be seen to be an isomorphism. O

1.1.2 Hahn Powers as a Functor

The Hahn powers (and Hahn field) constructions have a functorial nature, that is, given an injective
map of chains (or groups) between sets monomials and an injective map of abelian groups (or a field
embedding) one can define a corresponding map between the Hahn powers or Hahn fields.

Definition 1.13. If o : I' — A is an injective chain morphism and f : K — E is a field embedding,
the we can define

Fa) s K(D) = E(A)  f(@) Y rovi= Y flri)aln)

i€A iE€A
If o« : T' — Ais also an injective ordered group morphism, then one can check f((«)) is a field embedding.

Fact 1.14. The construction f((@)) is functorial. Given T < A LB andKLES F, we have that

go f(Boa)) =g(B) e f(): K(I) — F(E)

Notation: Since we are gonna study the functor e((e)) and related constructions, we will deal mainly
with the following categories:

e the category Chains; consisting of total orders and strictly increasing chains

e the category OAbGrps; of linearly ordered abelian groups and strictly increasing group homo-
morphisms

e the category OFields of ordered fields end increasing field embeddings

These are all left-cancellative categories in that all morphisms are monic, also they have all (small)
filtered colimits 2.

2By filtered colimits we mean a colimit of a functor from a filtered category. A category C is filtered if for every finite
category I and every diagram F': I — C there is a cocone for F', that is an object ¢ and a natural transformation F' = c.
If C is a poset-category, i.e. has as objects elements of a poset and morphisms the elements of the order relation, then C
is filtered if and only it is a directed poset. We will deal mainly with this latter case, in which case the colimit is usually
referred to as directed limit.



Definition 1.15. Denote by e((e)) the following functor

(K, T) k(1)
(ff) — f((f))
(E,A) E(A)

both seen as OFields x Chains; — OAbGrps; or as OFields x OAbGrps; — OFields.
Also denote by K((e)) : Chains; — OrderedKVectorSpaces the apporpriate “restriction” of the compo-
sition e((e)) o (K, ) where (K, e) : Chains; — OFields x Chains;.

1.1.3 Hahn Powers and directed colimits

In what follows we will deal with directed colimits (unions) of chains, groups and fields so we need to
study the behavior of the functor e((e)) w.r.t. to directed colimits. This is actually quite simple: let D be
directed set and T'y, K, increasing families of chains with (J{T'y: d € D} =T and |J{K;:d € D} =K
then Ky((T'g)) € K((T")) for every d € D and

U Ka(a) € K(T)

deD

corresponds to those Hahn sums ), k;7; for which there is a d € D such that {k; : i < a} € K, and
{7i i < a} CT. We make this formal in the following:

Lemma 1.16. Let D be a directed poset and (K,C) : D — OrderedFields x Chains; a diagram. Then
there is a natural embedding

n=micc sl K (€)= (i ) ((tin ©)

and the image consists only of the Hahn sums of the form

> (ki) va(ei)
i€x
for some d € D, where
@g:K(d)%hgnK VE:C(d)—HigC

are the cocone maps of the direct limit.

Proof. Let cp((v))g cK(d)(C(d))) — lim K((C)) denote the cocone map of the direct limit. Just define
n as the only map such that

no@((7)z = val(72)
the characterization of the image is then straightforward. O

1.1.4 Bound strutures

In order to control the behavior of e((e)) we introduce what we could call a bound structure: we want
to encode some additional data in chains, groups or fields that allow us to remember how an object in
this categories was obtained as a filtered colimit.

The goal is to obtain categories CB, with C € {Chains;, OAbGrps;, OFields} (or a product of these
categories) containing C via a fully faithful embedding and to extend the functor e((e)) in such a way
that it preserves directed colimits.

The idea would be to consider filtered structures, that is objects in C endowed with with a filtration:
we could endow every object X of C with a directed family of substructures {Xy : d € D}, with
D = (D, <) a directed poset, Cy C Cy for every d' < d and X = |J{X4 : d € D}. Then one could
extend eo((e)) as

(K— U KaeT=J Fd> = | Ka((Ta)) CK((T))

deD deD deD

then given another filtered object <IL = U L., A= U Ae>, amap (f,a): (K,T') — (L,A) induces

eckE ecE
a map

f(@): | Ka((Ta) — | Ee((Ae)

deD ecE



if and only if it is filtration bounded, that is there is an increasing “bound” function b : D — E such
that (f, a)(Kd, Fd) - (Eb(d)7 Ab(d))~

It would be then natural to define CB as the category of filtered objects of C and filtration bounded
maps. With such definition we have that two filtrations

Uxa=x=Jx.

deD ecE

will define isomorphic objects in CB if and only if the two filtrations {X;: d € D} and {X. : e € E}
are mutually cofinal. It is thus more convenient to define objects in CB as objects of C endowed with
an equivalence class of filtrations modulo mutual cofinality: now the fact is that such an equivalence
class will have a “maximal” element (with respect to the relation {X4:d € D} C {X. : e € E}), such
maximal element is actually an ideal in the poset of substructures of X.

We could give an ad hoc construction for the three categories Chainsy, OAbGrps;, OFields, though
it may be funny to generalize this. In order to do it we need two things: a notion of subobject and a
notion of image of a subobject, the first is general in category theory, the second requires us to be able
to factor maps f: X — Y as X 5 Y’ 3 Y where m is a monomorphism and the decomposition to
have some good properties.

We thus start recalling the following

Definition 1.17. Let C be a category and X an object therein, a subobject® Y C X is an equivalence

class of monomorphisms Y’ < X w.r.t. to the equivalence relation stating y : Y < X and gy’ : Y/ — X
are equivalent if there is an isomorphism « : Y = Y’ such that y = 3’ o «. An order relation is defined
on the class* of subobjects of X, Px, stating that Y C Y” if y factors through g/, that is there is a
a:Y — Y’ (not necessarily an isomorphism) such that y = 3’ o a.

Definition 1.18. An orthogonal factorization system® for C is a couple (£, R) of classes of morphism
in C such that

e both £ and R contain all isomorphisms;
e every arrow f in C factors as f = moe, with m € R and e € L;

e the factorization is functorial, that is, for every couple of arrows u,v, and m,m’ € R, e,e’ € L,
such that v omoe = m’ o€’ ou, there is one and only one arrow w such that v om = m/ ow and
woe=muoce

e m
a—b—c
\
J/u I 3w Jv
’ 4/ ’
a —S—b s

o the following “strong” lifting property holds: given m € R and e € £ and two other arrows u,v

such that v o e = m o u, there is one and only one w such that woe = and mow = v.

u

—

a b
A
le auﬁ lm

a ——b

Remark 1.19. The strong lifting property implies that a factorization f = m o e is unique up to a
unique isomorphism.

Example 1.20. In Set one has an orthogonal factorization system (£, R) where £ is the class of
epimorphisms and R that of monomorphisms.

Definition 1.21. Let C be a category and (£, R) an orthogonal factorization system, such that R is
the class of monomorphisms.
Let f: X — Y be an arrow in C, and Z = [(¢ : dom(¢) — X)].. a subobject of X, then we define the

Scfr [7], pp. 126-129 “Subobjects and generators”.
in our case such a class will always be a set, a cateogry for which this happens is called well-powered cateogry.
5 cfr [11], Section 1 “Orthogonal Factorization Systems”, pp. 1-6



image of Z by f as the class f.(Z) = [m]~ of a m € R such that for=moe, e € £. One can verify
that this is independent both from the choice of the representative ¢ of Z and from the choice of the
decomposition functor f =moe.

f« : Px — Py is order preserving, moreover (f o g). = fi 0 gs.

Definition 1.22. Let C be a category with an orthogonal factorization system (£, R) with R the class
of monomorphisms.

Given X an object in C, we call bound structure on X a cofinal ideal B in the poset Px of subobjects
of X. We call the couple X = (X, Bx), a B-object of C and say that a subobject X’ C X is bounded
if X’ € Bx. If C has a concrete structure, we say that a subset of X is bounded if it is contained into
some bounded substructure.

Given two B-objects of C, (X, Bx), (Y, By ) we say that a map f : X — Y is bounded if the image® of
a bounded subobject X’ € Bx is bounded f.(X) € By, that is f,(Bx) C By. Again if the category
has a concrete structure it is equivalent to saying that the image of a bounded subset is bounded.
Given two bound structure By and By on the same object X = X’ we say that By is coarser than
By or that By is finer than By if and only if By C By, this is the same as saying that idx : X — X’
is a bounded map.

Denote by CB the category of B-objects of C and bounded maps between them.

Example 1.23. If X is an object in Set then a B-structure on X is just a cofinal ideal of parts
Bx C P(X), and cofinality just translates into the condition that | JBx = X.

Example 1.24. If X is an object in OAbGrps; then a Bx would be an ideal in the poset of subgroups of
Bx. OAbGrps; has an obvious concrete structure given by the forgetful functor F' : OAbGrps; — Set,
and a subset is just a subset in the obvious sense: it is bounded if it is contained into some subgroup
in Bx.

We remark that a B-structure on X as a group is not the same as a B-structure on its supporting set
FX: indeed any ideal Bx in Px generates an ideal of subsets F/Bx € Prx, whose elements will be, by
definition, the bounded subsets of X; on the contrary though, if we have an ideal in Z C Prpx = P(FX)
there is no guarantee that it is generated by subgroups.

For example if we consider Z, it is easy to see that the only possible B-structure on Z as a group is the
trivial ideal consisting of all subgroups (recall that the ideal has to be cofinal): if instead we consider
Z as a set we have plenty on non trivial cofinal ideals, e.g. we can consider the ideal of finite subsets
of Z.

Example 1.25 (Puiseux monomials). Since there are no proper subfields of Q, Q as a field does not
admit any nontrivial B-structure.

If instead we see Q as an ordered group, we can consider the ideal in the poset of subgroups generated
by the set of subgroups of the form Z/n for n € N>, this is actually the minimal cofinal ideal of
subgroups, i.e. the coarser B-group structure possible on Q as agroup.

The bounded subsets w.r.t. to this are then the subsets X C Q that admit a minimum common de-
nominator. A multiplicative version of this B-group could be called the B-group of Puiseux monomials.

Remark 1.26. Every object X of C admits a trivial B-structure given by the degenerate ideal Bx =
Px consisting of all subobjects of X, that is the ideal spanned by the identical substructure X C X.
Every map f : Y — X, is then a bounded map f : (Y,By) — (X,Px). This gives a fully faithful
functor P : C — CB which is a right adjoint to the forgetful functor F : C® — C.

C(FY,X) =~ CB(Y,PX)
Notice that this implies that F commutes with colimits.

We are now ready to extend the definition of the functors e((e))
1.1.5 Bounded Hahn groups
Construction 1.27. Let A be an object of OAbGrps® and T’ an object of Chains? we set
A(T)P = {A(1") : A’ € Ba, T € Br} CFA((FT))

that is the group of Hahn sums f for which both the support and the set of coefficients are bounded.
We call it the bounded Hahn group with coefficients from A and monomials from T'.

6 of course the image of a subobject =’ : X’ < X is defined as the class of the only monomorphism fs(z') =m € R
factoring moe= foux' : X' — Y.



Fact 1.28. Let A, B be objects of OAbGrps® and T, A objects of Chains? and f: A= B,a: T — A
bounded maps, then F f : F A(FT)) — F B((F A)) restricts to a map A(T)? — B(A)®

Definition 1.29. Denote by e((e))? : OAbGrps® x Chains? — OAbGrps the following functor

(A1) A(D)
(ff) — f((‘a))
(B,4) B(A)

Example 1.30. Let I be a chain, we can consider on I' the B-structure consisting of the ideal Br := F
consisting only of the finite parts of T', set then T" = (T, Br). If A is an ordered abelian group then we
have that

A(D)F = (PA)(T)F = A%"

is the direct sum of I' copies of A considered with the lexicographic order.

1.1.6 Bounded Hahn fields

The functor ((e))® has an analogous definition as a functor
o((») : OFields® x OAbGrps® — OFields

Construction 1.31. Let K be an object of OFields® and (G,-,1,<) an object of OAbGrps® we set
K(G)P = J{K'(G") : K' € Bk, G’ € Bg} CFA((FT))

and call it the bounded Hahn field with monomials from G and coefficients from K.

We know that K ((G))® has a field structure because it is a filtered union of subfields, we actually
see that it is a truncation closed subfield of F K (( F G)), moreover if K = PK has a trivial B-structure,
then it is an analytic subfield of F K ((FG)) in the sense of [2]: that is, on top on beeing truncation
closed it also satisfies the condition that if 2 € F K (((F G)<!')) then for every {k, : n € N} one has

that Y kna" € K((G)).
neN
Example 1.32 (Puiseux Series). Let K be an ordered field and let M = @ be the B-group of Puiseux

monomials as defined in Example 1.25. Then K((t@))B = (PK) ((t@))B is the called field of Puiseux
series with coefficients from K: it consists of the Hahn sums on the set of monomials t© whose support
are sets tX with X C Q admitting a minimum common denominator.

1.1.7 B-structure and filtrations

Definition 1.33. Let C be a category, D a directed set, and X an object in C, define a filtration on
X to be a D-indexed family of subobjects of X, {X, : d € D} such that d < d' = X; C X4 that is
cofinal.

We say that a map ¢ : (X, (Xd)dep) — (Y, (Ye)eeE) is a filtration bounded map if there is a poset
map b: D — E such that ¢(Xq) C Yyq)-

For a directed set of subobjects {X4:d € D} of X we define the ideal generated by {X,: d € D} as

I(Xg:deD)={X'Cc X:3de D, X' C X}
if {Xg4:d e D} was a filtration then the ideal is cofinal and is thus a B-structure.

Proposition 1.34. Let (X, (Xd)dep) (Y, (Ye)eeE) be filtered objects, then a map ¢ : X — Y is
filtration bounded if and only if it is bounded as a map (X,Bx) — (Y, By ) where

Bx =I(Xq:de D) By =I(Y.:e€E)
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1.1.8 B-structures and filtered colimits

Let C be a category admitting small filtered colimits then C® admits small filtered colimits. We will
limit the tractation to the case of directed colimits (i.e. the domain of the functor is a directed poset),
for three reasons. First: it is simpler; second: we will actually only need this case; third: it is actually
equivalent to the general case. In fact it is known that any filtered category has a cofinal functor
from a directed poset thus if it admits small directed colimits it also admits small filtered colimits ([1],
Theorem 1.5 and subsequent Corollary, pp.14-15). This also implies that a functor preserving directed
colimits preserves filtered colimits.

Construction 1.35. Let D be a filtered set, X : D — CB a diagram for notational commodity set
X(d)=Xq4 X(d<d)=xaw
also let X = ligFX , where F : C — CB is the forgetful functor, and denote by
Xx7:FXqg— X
the cone maps. Set
Bx. =T (J{(@-(Bx,) s d e D})

i.e. the ideal generated by the (x7)«(X}) € Px. as d ranges in D and X, ranges in Px,. This is a
B-structure on X.

Proposition 1.36. The above defined (Xoo, Bx_ ) with cone maps x7 is a colimit for the diagram X .

Proof. First note that all of the x; are bounded maps so what we have is actually a cone X =
(XooaBX(x,) in CB.

Let us verify the universal property: assume we have a cone f : X = Y, that is, cone maps f3: Xq = Y;
since X is a colimit in C, we have that there is a unique map fo, € C(Xoo, FY') such that for every
d € D one has fo o X7 = fq, thus the only thing we need to prove is that f, is bounded.

Let Z € Bx_, then by definition, there is a d € D and a Z; € Bx, such that Z C (x3)«(Z4), now
(foo)+(Z) C (foo)s(Xg)+(Za) = (fa)«(Za) and this is in By because by hypothesis fq is bounded. [

Theorem 1.37. The functor e((e)® : OAbGrps® x Chains? — OAbGrps; commutes with filtered
colimits.

Proof. Let ' : D — OAbGI"pSlIS and K : D — OFields® be two diagrams, with D a directed set. Let
ge: ' =Ty and fs: K = K, be the colimiting cones, we clearly have a map

limg K (1) — Koo (T))” € (F Koo (FTo0))

It suffice to show that such map is surjective: unwrapping the definitions an element of K, ((Foo))B is
an infinite sum

S kv ki€ (F)(KD); vi € (9)(Th); d € D; K} € Bi,; Ty € Br,

<o
hence it lies in the image of f;((¢7)), and thus in the image of the map above. O

Corollary 1.38. If A and C are directed diagrams in OAbGrps; and Chainsy respectively, then we
can compute the colimits in OAbGrps; of composite diagrams A((C)) : D x E — OAbGrps; using the
following realtions

i A((C)) = (1P 1) (13 P ©)°)
where P : C — CB denotes the “trivial B-structure endowing functor” as in Remark 1.26.
Proof. F commutes with colimits and F P is (naturally isomorphic to) the identity functor. O

The meaning of the above corollary is that if we have directed diagrams A : D — OAbGrps; and
C : F — Chainsy and compute their limits in the bounded version fo the categories, that is we compute
the bounded structures

A, =1limP A Co =limPC
= =
then we are able to reconstruct the limit of the diagram A((C)) : D x E — OAbGrps simply applying

the extended verison of the functor e((e)).
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1.1.9 A further possible extension

Disclaimer: Although this is quite natural, I m not sure the use of this worths the effort, maybe skip
for now. We'll just need the convention at the end of the example.

We may want to retain information about filtrations also in the result of e((e))Z, this can be done
just considering the obvious ideal of uniformly bounded subgroups:

Definition 1.39. Let A = (FA,B4) and I' = (FT, Br) be objects of OAbGrps® and Chains?, then
we can turn A((I)? into an element of OAbGrps® by setting

Baqrys =Z(A'(I") : A" € Ba, T" € Br)

Example 1.40 (B-structure on Lexicographic Direct Sums). Let I' be a chain again with the B-
structure Br consisting of the ideal of finite parts, and A be an object of OAbGrpsB , then we have
that A(T))% is given by

F(A((F))B) = A@F BA((F))B =7 ((A/)®F A S BA)

Given a chain I and an A object of OAbGrps® we thus convene that A®T will denote the B-group
obtained as above.

1.2 Transseries

We start recalling the definition of the two exponential fields T¥ and TLF as given in [9]. Transseries are
formally defined as a filtered colimit of a certain inductively defined digram of ordered fields. Additional
operations on them, such as exponentials and logarithms, are usually also defined as colimits of certain
natural transformation between diagrams.

Transseries are an analytic subfield of some R((G)) in the sense of [2], and have an analytic logarithm,

log : (TEL)>O — TFZ, meaning that
e log extends the natural logarithm on R,

(~1)"a

o log(1+e)+1zz e

neN

for every infinitesimal element £ € R((G<1)).

e log: (G,-,1) — (R((G>1)) NTEL +,0) is an isomorphism of ordered groups.

Notice that an analytic logarithm on an analytic subfield is completely determined by its restriction to
the group of monomials.

We will see that as a filtered colimit of fields of the form R((G)), the field of transseries can also be
naturally regarded as a field of the form R((G))® once we define an appropriate B-structure on G.
With such a point of view the construction of transseries, can be looked at as a solution to the problem
of finding a B-group G such that there is an ordered group isomorphism G ~ R((G>1))B: this given,
an analytic logarithm can be defined using the multiplicative decomposition of the positive cone

R((@)° =G xR x (1+R((G<1)7)

Once one has the whole field of trannseries TF¥, and that of exponential and logarithm, it will
be natural to try to look at additional constructions as constructions on subsets, as well as it will
be to “access” (that is, name in a proof or a statement) elements and substructures via the ambient
operations of infinite sums log and exp. We found though that keeping track of all stuff functorially
has his own interest, so often we will present both approaches.

1.2.1 Notations

There will be quite some maps and objects to work on, for uniformity (and readability) some notational
convention will be needed. We won’t make an implicit use of the conventions: that is we will usually
give every map a name when we define it, though in order to help the reader keep in in mind names, we
present briefly the mechanics behind the notation. This will also serve as a refresh of some categorical
notions and constructions.
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On partial limits: Recall that given two categories Z,J (to be thought as diagram shapes, if we
want) and a functor F': Z x J = C to some cateogry C, then one can think of partial limits or colimits
(if they exist). Since we will be concerned mainly with colimits, we’ll present the situation looking at
these (situation with limits is the same with some reverted arrows). For every object j of J we have
“column” functors

(1, 7)

— (fsidj)
1
()

Also for every map g : j — j' there are natural transformations (id., g) : C; = C;/ given by (ids, g); =
(id;, g). A partial colimit at j of F' (if it exists) is a colimit @(F o Cj), sometimes it is also written as

i .

Cjt[*)IXj

.
~

limy (i, ) = lim(F o C)

iel
the natural transformations (ids, g) give then, applying F, natural transformations
F(ide,g): FoCj = FoCj

these will induce maps

lim F (id;, g) *< lim F(idu. g) : i (F o C;) — lim(F o C;)

iel
Another more concise way to see this is to say that that a functor F : Z x J — C defines an adjunct
Fy7:7T — Func(J,C)

then if for every object j € J, the colimit hAJ(F o ;) exists, one has that the functor

j lim(F o Cj)
gl o Jlg F(ida,g)
J' lim(F o Cj/)

is the colimit of the adjunct F7, and is deonted, the cone maps F7(i) — @Fj are the natural
transformations whose j-th component is the cone map F(i,j) — lim(F o C;).

Since this happens to generate cofusion at a first read, we explicitely remark that the limit of the
J-adjunct is a functor from J that has as object images colimits along Z, that is colimits of the F'o C;
that are the valuation on objects of the other other adjunct F o C; = Fr(j):

(limy £z ) () = limg(F o C,) = ling (F(5))
For a more detailed exposition see [7], (section V.3 “Limits with Parameters” and related).

Notations for functors from Z2: We will work mainly with functors F': Z? — C or I’ : Z — C.
The poset category Z has an autofunctor S, S(n) = n + 1, and we have autofunctors (5!, S*) on Z? as
well. Also we have functors

Ry 7 — 72 n— (m,n)

Cp:7 — 77 m— (m,n)

So that given a F : Z? — C we have that F o R,, and F o C,, are respectively the m-th raw and the
n-th column of the diagram given by F. Most of the functors F’ : Z — C we’ll consider arise in this
way.

Before proceeding any further we give some notational convention for the categorical construction we
are going to use: for a functor F': Z — C we will use different names fq o, ge,o for its defining maps

(m,n) ——— (m,n+1) F(m,n) fmn— F(m,n + 1)
l l 0£> g"m‘,,n gn-%—‘l,m.
1 1
(m+1,n)——(m+1,n+1) F(m,n) ——fm+1n> F(m+1,n+ 1)

13



One can also see f, g as natural transformations
Joo: F= Fo(idg,S) Goo : F'= Fo(S,idy)
that in some sense define the functor. These also give natural transformations
fon 1 FoCp=FoCyy Im,e : FoRy = FoRp

The notational convention for colimit cone maps will follow the idea that if F’ : Z — C is a diagram
of type Z, and we named its defining maps as F'(n — n + 1) = f,,, then the cocone map from F’(n)
is denoted as fz : F’'(n) — lim F’. Thus, cone maps of partial colimits (i.e. limits along columns or
raws) will usually be thus denoted as

fmm:F(m,n)ﬁligFoC’n gmﬁ:F(m,n)%ligFoC’n

When considering instead cocone maps for the colimit of the whole F': Z x Z — C we will use one of
the two notations

Fan =[G F(m,n) — lim F

As for maps between colimits induced by natural transformtions, if we have F', G’ : Z — C diagrams
of shape Z and a natural transformation between them a4 : F/ = G’, then we will denote the colimit
map as Qg : lim F’ — lim G'.

Similarly we will denote maps induced by natural transformations on partial limit (that is limits along
raws or columns), by putting an oo symbol in place of the index we are doing colimits along, for
example

foo,n:hﬂfo,n:h%InFOCn%hﬂFOCn-&-l
gm,oo:hgfm,o:h%InFORm_)@FoRerl

When considering maps between “total” colimits induced by natural transformations aee : F' = G
between functors F, G : Z? = C we sometimes drop the double co subscript and write

oz:ozocmzliénF—HiglG

Remark 1.41. All diagrams F' o (5™, S™) have the same colimit, meaning that if F with cone maps
Fmm : F(m,n) — F is a colimit of F, then I, - define cone maps F o (8%, 8! = F. With such
an identifications we have that the natural transformations

foo: F = Fol(idg,S)  ges:F = Fo(S,idg)

given by the maps defining the diagram F', all give the identity on the colimit F, so we could call them
and any composition of them, identical transformations.

We'll see that this functorial perspective is usefull as, for example exponential and logarithm
will be defined respectively as colimits of natural transformations £ : T = T>° o (idz,S) and
L : T”% = T o (S, idz), then verifying for example that expolog = id will be as easy as proving
that Eqg)0L: T = To(S,S) equals some identical natural transformation (that is :TO EXPLAIN).

In general when presenting maps as colimits of natural transformations, aside from some sempli-
fication coming from the fact that the single maps of the transformation will usually be easier to
manipulate, we will also have informations such as where some piece of the filtration coming with the
colimit goes.

At some stage we will work with maps between products (or sums) of groups one of which could
be written additively and the other one multiplicatively in particular we will deal with certain decom-
positions into biprouducts.

We will use the following notation: assume, (A4, *,¢e), (B, *,¢e), (A’,%,¢'), (B’,*,¢e') are groups and

fi(Axe) = (A xe) g (Axe) = (Bx¢)

h:(B,*,e) — (A ¢ k:(B,*,e) = (B, *¢)

14



Then we denote the biproducts A ® B and A’ ® B’ and get maps

Iy ,
g {h k} é (a,0) = (f(a) x g(b), h(a) x k(b))
B B’

We will aslo use the convention that constant maps will be denoted by the same symbol of their value,
so for example a diagonal map exp x exp : R@ R = R>? ©® R>? will be written as

exp 1
R 1  exp R>°
@ ®
R R>0

1.2.2 Definition of T#%, T#, T*

We come now to the technical definition of the field of exponential and log-exp transseries, in what
follows let E denote a formal operator taking a group in additive notation to one in a multiplicative
one: that is if (A4,+,0) is a group then (E(A),-, 1) is a group isomorphic to A via an isomorphism
E: A — E(A). first consider the construction

Construction 1.42. Inductively define

N, = {1} K, = R(M,) =R J, =0 for n < 0
Ny = t* Ko =R((9)) Jo =R(M5")
mn-l—l = E(Jn) Kn-‘rl = Kn ((mn-i-l)) Jn-‘rl = Kn ((mih))

Denote by ¢, : K,, — K, 41 the inclusions. Note that the relation 9,41 = E(J,) holds for every
n # —1.

In [9], the field of exponential transseries T is defined as the union of the K,, along the inclusions .
The field of log-exp transseries TFL is therein then defined as a filtered colimit of a diagram

..C p TEC p TEC B

of shape N (or equivalently Z by cofinality) given by copies of T and a “substitution” map g3 : T¥ — T,
Thus T#% will contain differently embedded copies of the T¥: each of one will be closed under the
ambient exp : TFL — (TEL)>O, but not under the ambient log.

Here we will give a description of the substitution map 8 as the colimit construction (union) of a
natural transformation 3, between diagrams

tn—1 ln tn+1 ln+2
e K,,C K, 1€ K o€ b

lﬁn Jml lﬁw (1.1)

ln L1 ln42 tn+3
-.C Kn+1c Kn+2c Kn+3

where each component (3, is obtained inductively form the previous one. Note the shift in the indexes,
that corresponds to the fact that the substitution map does not preserve the K,, C T¥ but only sends
K, into K, 41.

We found it interesting and useful with respect to the goal of defining an w-map on TF%, to consider
also the colimit of the K,, along the maps B,: this will produce subfields TZ of TF% that will turn out

to be closed under the ambient log.

We will thus proceed defining a Z2-shaped diagram of fields extending Diagram 1.1. This is the
idea behind the following constructions.
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Construction 1.43. Inductively define

a_1:N_1 =Ny B_1:K_1 = Ky a_1:J_1—=Jo
a_1(1)=1 B_1 =idr((a_1)) a_1(0)=0
ag : Mo — My Bo : Ko — Ky ag:Jo— I
ao(t") = E(rt) Bo = B-1((a)) ao = fBnl(ag")
Apt1 t M1 = Mipo Brt1 : Kng1 = Kngo Unt1 t g1 = Jngo
a1 = E(an) Brs1 = Bu(ans1)) Qnt1 = ﬂn((ai—}-l))

where a0 : J70 — J¥ is the restriction of a, to the positive parts, and for f : A — B, E(()f) :
t4 — B deontes the function E(a) — E(f(a)).

Recall (Definition 1.13) that for a decreasing family of monomials n; = E(j;), i € v € On and a family
k; of coefficients, we have

Bul(@a) S kini = 3 Bulk)an(n) = D Ba(ki)ton-10

<y 1<y i<y

We also set K, =R, J, =0 and 8, = idg, o, =0 for n < —1.

Note that §,, are embeddings of ordered fields, both a,, a,, are embeddings of ordered abelian groups,
and are respectively the restriction of 3, to the monomials and purely infinite elements of the con-
struction K,, = Ky,—1 (Mn-1)).

The last two relations on the last raw hold for every n € Z whereas a,,11 = E(«,,) holds only if n # —1.

Remark 1.44. The definition of 8, matches the pieces of the inductive definition of the substitution
maps given in [9].

Remark 1.45. The heuristic behind the definition is the following: we want to interpret the multi-
plicative group 9y as a group of real powers of some base infinite symbolic element x > R we substitute
to t, that is 9y ~ Ng » ~ xR, we also would like E to act as exp on infinite elements, hence formally
No,.. = exp(log(x)R):

No,x = (tR)w = 2® = exp(log(x)R)

then we would like to interpret O1; again looking E as an exponential, but we would like to consider it
as built from a Mg 1o4(,) Where we substituted log(z) to t

Mt og(o) = (E(R((tR>O)))> ~ exp (R(( log(a:)R>0))> _ exp (R(( exp(logg(x)w))))

log(x)

The natural identification of elements in My, as elements of My 144(,) should then be given by an
exp-conjugate of the inclusion

log(z)R = exp(logy(x))R C R(( exp(logQ(x)R)))

that has precisely the form of the ay above. To be less cryptic ag(t") = E(rt).
In general it will be useful to keep in mind this intuition: the substitution maps 3, : K, — K, 1 are
to be thought as inclusions

Bn,w : Kn,w — Kn+1,log(w)

from a field K,, , isomorphic to K,, with the construction starting from g, = Z® to a field Kpt1,l0g(2)
isomorphic to KK, ;1 obtained starting the construction from a Mg jog(x) = log(z)®.

This intuition will turn into a notation once we build the total field T®Z and give the definitions of
exp and log on it.

Remark 1.46. The definition of ag could have been be somewhat clearer and more uniform if we had
introdyced an alternative version J_; = R of J_; so that 9 = E(J_1), and an alternative version
a_1:J_1 — Jo, so that E(a_1) = ag, setting

dy=idg (=t e ) R R(F)  aoi(r) =1t
In such a case though we would have that J_; would not be the group of purely infinite elements of

K_;.
With the definition we chose, instead, as we alreay pointed out, we have Z-wise validity of the relations
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Kn+1 =K, ((‘ﬂn+1)) and J,11 =K, ((‘ﬁi}rl)) The benefits of this choice will become clear later on.
It will however be useful to consider this virtual version

" lI. =R ifn=-1

of the J,, so to have an additive verison of the 91,,_1, that is to write 90,, = E(:]]n_l) for every n € Z

Fact 1.47. With the above notations for every n € Z one has

Kn ln——— Kn+1
| |
[jil o P+ Br+1 0 tn = tnt10 By
Kn+1 tntl—my Kn+2

We are now ready to introduce the diagram 7" the transseries will be the colimit of.

Construction 1.48. Let us define the functor T : Z? — OFields as

(m,n) —— (m,n+1) Kinin tmtn—s Kppana1

T \ \
’_> B7n+n 6m,+n+1
l l 1 \

(m + 1, TL) E— (m + 1, n -+ 1) Km+n+1 lm4nt1—rp Km+n+2
Essentially T is the following commutative diagram
K71 L ]—
5l
1
K_; t—1 Ko Lo
5‘—1 Ao
I u
K—l t—1 KQ 0 Kl L1
,3‘—1 Ao A1
1 u 4
K_4 t—1 Ko 0 Ky 1 Ky

Also let R, : Z — Z? be the functor n — (m,n), C,, : Z — Z?* the functor m — (m,n) and S : Z — Z

the autofunctor n — n + 1, so that T o R,,, is the m-th raw of the diagram and T o C,, is the n-th
column.

Notice that we have then that

e ToR,,08=ToRy;1:7Z — OrderedFields for every m € Z.

e ToC,o0S8=ToC,41:7Z — OrderedFields for every n € Z.

def .
® Bmn = Bman : Kpin — Kpyni1 defines a natural monomorphism Bmye :ToRy =To0 Ryt
def .
® lmn = tm+n @ Kmgn — Kipnt1 defines a natural monomorphism te p, : 70 C;, = T 0 Cpy 1,

since these are all intuitive inclusions, sometimes we may relax the notation and write T o C,, C
To On+1~

Another way to see this is that we have two adjuncts T*, T : Z — Func(Z, OFields) of the functor T

m ToR, n ToC,

E L
l 7’1_> J{Bm,- l T—) J{Lom
m+1 ToR,, n+1 ToCpny1
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Then set
TE = lim (TF(m)) = (ngTL)(m) TE = lim (T*(n)) = (@TE)(n) TEE = lim T

These will correspond to the differently embedded copies of T and TE.
Denote the corresponding cocone maps as

Brim  Kimin 2 TE  tmm : Kongn = Th Bl : Ky = THF
Also along with the naming convention we stated in Subsection 1.2.1, we set
B0 = Brne : Ty = T booyn = iin,e s Ty = Trrpy
and denote the corresponding cone maps as

. mE EL . L EL
00t Ly < T loom : Ty =T

Remark 1.49. IMPORTANT Since T o R;,11 = T o Ry, 0 S and S is an autofunctor, there is a
natural isomorphism TE = TZ . Analogously T4 = T4, ;. They are almost the same objects at this
stage: we just keep track of the the index of the different copies as they will correspond to different
subfields of TFL.

Remark 1.50. The idea of the construction is to think of T'(m, n) as what will be a copy Kintn,log,, (z) ~

Kmtn generated starting with a 90 105 () = log,, ().

Definition 1.51. The fields of exponential transseries (also exp-transseries, or log-free transseries)
TE and of logarithmic-exponential transseries (also log-exp transseries, or just transseries) TLE are
defined respectively as

TEZMQTORO TLE:IigT

We also define TF = @T o Oy the field of log-transseries. So that TF is both the colimit of the

systemTEfi']TEg-u and of TL <& TL <& ..

1.2.3 Diagrams J and N

What one can see from the construction above is that the J,, and the 91, are also in a Z-shaped diagram
of maps au, : Jny = g1, an : My — M1

Construction 1.52. Let J°, NV : Z — OAbGrps denote the functors

[ e ] [ =]
— Am — Qan
m+1 Jm+1 m+1 mnml

Along with our naming convention denote the limits and the respective cone maps as

Joo = lim P J° P SN
Noo = lim P J° G O, O 0

Thus the associated B-structures By__, By are respectively the ideals of subgroups generated by the
a7m(Jrm) and the ideal of subgroups generated by am(N,y,).

Remark 1.53. If we consider the natural inclusions jp, n : Jmtn = Kpgn, and i pn t Mg, — K;ﬂn

we see that these define transformations je, : J° 0 S™ = TC,, and je , : J® 0 S™ = T'C,, that in turn
induce

. . . >0
Joo,n = hﬂ]o,n . Joo — Tﬁ Joo,n - s)/tcx: — (T{;)
Thus we get Z-parametrized embeddings
. . >0
loo,m © Joo,n ¢ Joo — TLE loo,m © ]oc,n : moo — (TLE)
One has that Lo 7 0 joon(J20) < loo 7T 0 Joomt1(JZY): in fact

[/oo,n Ojoom(v]]soo) < jOO,TL'Fl(JioO)
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because for every m one has

.]7n,n+1u]]m+n+1 > Lm,nKm-‘rn 2 L?rL,n]nL,nJ'm—i-n

a similar statement holds for the embeddings joo n.
This gives an embeddings

: ng — TEL i© = |:Loo7n ojw7n] : ‘ﬁO@oZ — (TEL)>O

j@ = |:Loo,n © joo,n:|
neEZ

neE”Z
and we will see that their images consist respectively of the purely infinite elements and of the mono-
mials over R.

Remark 1.54. The functors N relates to the ones we already defined in that one has the equality at
the level of functors

ToCpi1=(ToC,)(N°05™) = (e(e))o(ToCnN0S")

ToC, ]
NO o Sn OFields .((.))
7 X ————— OFields
OADbGrps

Moreover the natural transformation te ,, : T 0 C),, = T 0 Cpp1 = (T'0 Chy1) ((NO ) S")) consists of the
natural inclusions coming with the functor (e ((e))).

As an example of application of Theorem 1.37 we can observe that from the relation above it immedi-
ately follows that

L~ oL B
Tn-&-l = Tn ((moo))
and that with such an identification the embedding to p : ’]I‘,LL - ']I‘ﬁ 11 is just the natural inclusion
B
T C T (9) -
Another thing the above relation is telling us, is that one can build the n 4+ 1-th column form the
n-th one, and the natural transformation between them just knowing N, via the e((e)) functorial

construction.
We note also that the definition of the J,, in terms of the 91,, also translates into the relation

JoS™— (TO Cn)(((NO)>1 o Sn))

Remark 1.55. The previous remarks tell us that both N° and J°, don’t have a canonical way to be
be regarded as diagrams of will-be subsets of T#, as they (or better, some translation of them) can be
embedded in each of the columns T'C,, of T' in such a way that the image of je 41 : J0 S = TC,, 11
has 0 interesection with T'C,, C TC,+1. It is then convenient to introduce the notation J", N" for
functors

TC,2J"=JoS" and TC;°DN"=NoS"

to be thought as subfunctors J* C TC,,, N* C TC;°.

In practice we set J™ and N™ to be the diagrams consisting of images of the natural embeddings
Jon:J oS =TCy, jen: NoS™=TC;? and maps the restrictions of the maps in of T'C,,.

Thus J"(m) can be thought as a the copy Jmin ~ Jmin.log, (z) € Kntm,log, (z) and and N™(m) as a

0
copy mm-{-n ~ mm+n,logm(az) - K;L—i-n,logm(a:)'

Definition 1.56. A more convenient way to state this is to deonte by [Z] the (discrete) cateogry with
objects the integers and no morphism other then the identitity and define J, N as fucntors

J 1 Z x [Z] - OAbGrps N : Z x [Z] — OAbGrps
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so that J(e,n) = J™ and N(e,n) = N™. Essentially, e.g. J looks like

J_1 €K

ol
T

J_1 CK_ Jo € Ko
ol o
1 1

J1CK, Jo € Ko Ji CKy
a‘,l Oz‘ 01‘1
I T !

J_1CK_, Jo € Ko Ji €Ky J2 C Ky
Oé‘_l a‘o ‘Jl OJQ
l l \l l

We will thus write My, ., = Ny for Ny, ,, seen as N, (m), i.e. as the multiplicative subset of
T(m,n)>° and denote the corresponding maps ay,.n = mtn : Mnn — Nyt 1,50. A similar thing we do
with J, m = Jngm and oy, p = Qupgpn. With a convention similar to that we used for the adjuncts of
T we name them

JV = Jy ¢ [Z] — Func(Z, OAbGrps;) J¥ = Jiz; : Z — Func([Z], OAbGrps;)
N% = Ny : [Z] — Func(Z, OAbGrps;) N¥ = N : Z — Func([Z], OAbGrps;)
So that JL(n) : Z — OAbGrps; is the n-th column of the diagram above and JZ(m) : [Z] — OAbGrps,
is the m-th raw.

Note that although J and N do not admit a colimit in OAbGrps; one easily sees that each JZ(n) and
each NX(n) do, so that J¥ and N¥ have colimits: in particular they are given by

(lim J7)(n) = lim (J5(n)) = Joon = oo Qmn = Oy = T (0) () = Joon
(@NE)(n) =lim (N (n)) =N = Nos G = Gy : NP (0)(m) = N
Also notice that with such a notation Remark 1.54 reads

T*(n+1) = (T"(n)) (N*(n))) JE(m+1) = (T"(n))(N*(n)""))

1.2.4 On the relation between J and N

Even though N o (id,S) # t* o J, as My yni1log,, (@) 7 EXPImtn,log,, () for n+m = —1, there are
two relevant map of diagrams which will be useful to describe transseries.

Construction 1.57 (Map 7). First notice that for every n, there is a map E(:)J,, — 9,41 and this
is an isomorphism for every n # —1, in which case we have that E(:){0} — 9 is just the inclusion
from the trivial group. One the easily sees that setting

Tn=E:J, = Mt Jn 22— E(z) € My

defines a map of diagrams 7, : J — N o S. With Remark 1.55 in mind we define 7,, ;, = T4, SO to
get analogs 7o : J" = Ny,y1 of 7, between the various shifted copies J" and N1 of J9 and NO,
otherwise put we are to define a natural transformations

7:J= Nol(idg,>S)

The idea is that 7 represents exponentiation of certain purely infinite elements: we have J(m,n) &
Jmtmlog,, (z) and N(m,n +1) = My, 411 10g, (2) then will correspond to

€Xp | : Jnl+7z,logm(x) - m7n+n+1,logm(a:)

Construction 1.58 (Map ). On the other hand it is also natural, even though a bit more involved
to consider maps

An O, — Iy
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which, following an heuristic similar to that of Remark 1.45, should represent the operation of taking a
monomial of N, ~N,, ;. to the purely infinite element of J,, ~ Jy, 10g(x), corresponding to its logarithm.
The base case may be explained as follows

log(MNo,») = log(z") = log(z)R C R(( 10g(=’ﬂ)R>O)) = Jo,10g(z)

What we want is that A\, . = log|: My 2 — Jp log(a), i-6. that when it is composed with the appropriate
instances of 7 ~ exp |, it gives what will be inclusions:

Tn,log(z) © Az P M C mn+1,log(z) Az © Tn1,z : Mp—1,2 C mn,log(z)-

We recall that such inclusion correspond to the substitution maps on monomials a, : 9, — My, 41.
Thus A,, has to satisfy

TnOAn = Qn )\nOTn—l = Qn—1
Since 7, = E is an isomorphism for n # 0 we can define \,, = 7,,; L oa,,, and let A\_; be the only possible
map A1 N1 = {1} —-J.1= {O}
Now we use to write elements of N, as t* with z € I, (see Remark 1.46), so for for the sake of
readability one would like to have a formula as A, (t%) = f(z): we set

A 0, — Tn An(t*) = ap_1(z) forn >0
/\olmoztR—%,Uo Ao(tr)z’l“t Q_ 1(’/‘)
AN, ={1}=J,=0 An(1)=0 forn <0

One easily verifies that with such a definition A, : N° = J? is natural.

Again it is convenient to define A\, , = Ap4rn: the natural maps between the contextualized versions
J™ and N™ of J and N to look at are, (achtung!) Te,n : N = J" 7108 CTC,_10S that is, A is to
be regarded as a natural transformation

A N=No(S,51

so that Ay @ N(n,m) — J(m + 1,n — 1) for we want A\, imog, (@) = 10g] : Mutmlog,, (z) —
Tntm log,, 41 (2)-

1.2.5 Additive and multiplicative decompositions
Recall that given a Hahn field K((G)) there are

e a canonical additive decomposition
(K(G).+) = K(C™) K& K(G™)
e a canonical multiplicative decomposition of the positive cone
(K(G)™*,) = G X K> % (14 K(G<1))

We name the involved maps for the above introduced K,, = K, _1((t/»-1)). We also state some
propeties relative to the map [, namely that such maps respect the decomposition.

In order to avoid writing expressions as K((G<!)), we introduce a symbol [, for the groups of
elements of K,, infinitesmial w.r.t. to K,,_1.

Definition 1.59. For n € Z, set [, = K,,_1 (M;!)). Also let £, : [, = K, denote the inclusions and
a,, : I,, — [, 1 be the substitution map restricted to infinitesimal elments, that is o, = 8,—1((as1)),
or the only map satisying

Bn © [n = .[n—i-l °Q,

Construction 1.60. Define for every n > —1 the maps

nes(f)
n>1

Pn+1 - Kn+1 — K, pn+1(f) = fl

ettt Knpr = Ko (1)) = [ops enta(f Z fan

nes(f
n<1
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so that after composing with the appropriate inclusions jn 110,41 + tnpny1 + 016041 = idx,,,, that
is

JnJrl v]]nJrl
Ont1 ® 2
prt1| 1 Kupr — Ky [jn—i—l ln .[n_t,_l] Ky — Ko
En+1 S3) D

ﬂl’n+1 En,+1

are inverse group isomorphism. We call €, 11, pp+1 and 6,41, respectively the K,-infinitesimal part,
K,-part and K,-purely infinite part of an element of K,, ;1.

Simliarly
lmy, 41 : Ki-?—l — Nt 1mn+1(f) = max{S(f)}
lept K29 — KO lent1 = fimn i (n)
nr, 1 K2V = K, (L) =1, nr, - f 1
+1 +1 ((O541) +1 +1(f) Imy, 1 (lens1 ()
So that (jn+1 o lmn+1) . (Ln+1 o lcn+1) : (1 + nrnJrl) = idKn+l and
anrl anrl
lmn+1 O] ©
1Cn+1 : KnJrl — Kn Dn-‘rl 20 (1 + .)(£7L+1)] : Kn — Kn+1
1 =+ Nry41 © O]
1 + ﬂbn+1 1 + ﬂnn+1

are inverse group isomorphisms ((1+ e)(f) denotes the conjugate of f by 1+ e, (14 )(f))(1+z) =
1+ f()).

We call Im,, 11, lc,, 41 and nr, 4 respectively, the K,,-leading monomial, the K, -leading coefficient and
the K,,-normalized reminder of an element of K, 1.

The following is just a technical fact needed to show that the partial definitions of exponentials and
logarithms we are going to give glue together. It essentially tells us that the vertical inclusions S,
in some sense “commute” with both multiplicative and additive decompositions.

Fact 1.61. For every n > —1 the following hold

Kpt1 —mapi— Npyqg K41 len 11— K, Kpt1 NIy 41— En+1

Bn‘-u O C‘n‘+1 5n‘+1 O Bf BJ.H ¢) Qn‘+1
Kpto —Imate— Nyypo K42 lenpa— Kppg Kt nr, o3 JI"n+2
Apt101lmy 1 =1my 400 Bhia len20Bpy1 = Bnolentn Quyq 0NIpy1 = 0rp42 0 Bogr
Kn+1 —Op 11— Jn+1 Kn+1 Prntl—p Kn Kn+1 —<Ent1—— En+1

B 'Ij» 1 O ‘X‘n B 7Ir 1 O B‘n ﬂnu 1 ¢) QT 1
Kn+2 —Ontr— a]]n+2 Kn+2 Pnt2—ry Kn-‘rl Kn+2 —<Ent2— En+2
Qg1 00pg1 = Opg20 Byt Pn+2 © Brnt1 = Bn © Pyl Qi1 ©Entl = Ent2 0 Bnt1

Proof. This is quite strightforward, we just wirte down the check for the multiplicative decomposition:

Let Z xn; with x; € K, n; € M, be an element of K,, 1, then applying the inductive definition of
<o

Brn+1 we have 5,41 Zwmi = Z a,(n;)Bn(z;). Now it’s just a matter of computation

My 2841 Y @ity = Appa (o) = anlmy, 1 Y min
Ient2Bnt1 Y @ity = Bu(wo) = Bulmp i1 Y min

2641 Zmini = Z g:gxz} anE:;)) = Zﬁn (;f;) an <zz> = Qp 1 Nn4l Zt”‘xz

.130) an
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Remark 1.62. The fact above can be restated in a more concise fashion

Qp, 0, o, 00y on—i-l_
Bn—l O [Ppn]| = ﬂn—l OPn| = |Pn+1| © Bn
L oy, En Q,, 0&p En+1 |
_an lm,, a, olm, 1 Imy, 1
ﬂn—l o le,, = Bn—l ole, = 1Cn+1 © Bn
i (a,,) 1+ur, (1+a,)onry, | 1+nr,41
7%
Brnolin tn1 Ln] = [nr1 tn Lupa]o Bn-1
Qy,
an
Bn o []n In—1 (]n)] = [jn+1 In (]n+1)] © Bn-1

(@)

The las two raws actually are the fact that the maps a.,, 8,—1, @, and a,, are sound domain codomain
restrictions of 3.

Setting as usual Ty n = Tmtn for T € {6, p,¢,lm,lc,nr}, one can write this stating that for every n,
Te.n : T'Cy, = J defines a natural transformation

J(e,n+1)
Oo,n @
Pon| :TChy1 = TC,
Ceon S

TC,((N<(e,n)))

N(e,n+1)
Im, ®
Ice n TChy1 = TC,
14 nre ®

(1+TCu(N(e,m)<1))

Remark 1.63. Aslo notice, and we will need it later, that the composition of these transformations
with te, : TCp = TCpy1 are the obvious ones:

Oe,n+1 0 o n+1 0
Pen+1| ©len = id Pen+1| ©len = id
Co,n+1 0 Co,n+1 0

1.2.6 Log and Exp structures

We are now ready to give the natural log and exp structures on the above defined fields. We will give
inductive defintions of maps

. >0 . >0
E,: K, =K% L, K=K,y

that will be used to define natural transformations E,, , = Epqpn and Ly, p, = Liypyn
E:T = To(idg,»S) L:T —To(S,idy)

whose limit will give the exponential and logarithm on T#Z.

Moreover they can be restricted to

Ene: TR, = TR, 05 Lep :TC, =TC,08
and hence define (nonsurjective) expnential and logarithm maps
Bpoo :TE = (TE)>°  Lowy: (TE)0 5 T

on subfields of T arising as partial limits.
The definition of the E,, will be the same as that given in [9] (Section 1.7) as is the defintion of the
resulting exponential maps E,, o : TZ — (TZ)>9 on the fields of exponential transseries.
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A consequence Neumann’s Lemma of this is that if we take the coefficients {k, : n € N} in R we
can define maps K((G<')) — K((G<)) for every extension K of R.
Moreover such maps “commute” with maps of the form () : K((G)) — E((H)) with o : G — H,
B : K — E, G, H ordered abelian groups and K, E extensions of R.

Lemma 1.64. For every K and for every G one has that

k
£ K(G™) = (L+K(G™) E@) =Y 7
E>1
<1 <1 (=D)F et
L:(1+K(G) = K(G) Lto) =) —
k>1
are inverse group isomorphisms.
Construction 1.65. Inductively define maps *
E K —>K;° E | =1_10expg
Ent1: Kpp1 — Ki£2 Eni1 = (Tnt100n41) - (Ln+1 okpo Pn+1) : ((Cn-&-l) ofo 5524—1)
L1 : K0 =Ko Ly =pB_10logg
Ln+1 : K;—?—l — Kn+2 Ln+1 = ()\n—i-l o lmn+1) + (Ln+1 ] Ln o ICn+1) — 5n+1 oLo (]. + Hrn+1)

That is to say one sets E_1(r) = exp(r) € R = K_; C Ky, and L_;(r) = log(r) € R = K_; C K,.
Then inductively for z € J,11, ¥ € K,, and x € [, 1 one sets

k

(o)
z 4 €
Ena(z+y+2) = CE,(y)E(@) = *Ea(y) Y 7
k=0
where E,(y) € K,,+1 and E(z) € K41 are regarded as elements of K, 2 in the obvious way (that is
via the inclusion ¢y, 41).
Similarly for n = t* € M,,,; with z € J, y € K>¥ and = € [,, 1 one sets

_1)E-1k
Lot (ny(1+ ) = A1 (n) + Lo (y) + Bu L1 + ) = @n(2) + Ln(y) + Butr Z %
E>1

where we unwrapped the definition of A, (n) as in Construction 1.58. Note the involvement of the
substitution maps « and 3, on which we will comment in Remark 1.67.

Remark 1.66. We can picture the constructions as’
On
Pn In [Tn 1 1 0
@ .
En 1 Enfl ([n)g n+l In+1 ln
K, K,—1 > O s } K3
53] K>0
r,
Im,,
lcn mn |: n)\n Lnfl 0 :| K
1+ nr, © 0 QnAC n ln .[.7
Kio Kigl ® [ L—H] Kyst
O] Jfn+1
1+,

Remark 1.67. The definition of E,, is quite self explainatory as we are seeing E,, ~ E,, ; : K, , —
Ky 41,2 and it is built up just so that the it matches E,,_1 ~ E,_1 5 : K;,—1 » — K, via the inclusions
tn-1:Kpo1 SKy, 1 Ky S Ky

We comment more diffusely the one of L, : the idea is that L, should be regarded as

Ln,w : Kn,w — KnJrl,log(:r)'

7 the parenthesed (£,,) denotes actually (£,,) = (1 + )(£,,), that is (£,,)(1 +x) = 1+ €, () (conjugate by 1+ e).
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First we decompose K% = M, K70 (141, ), then assuming to have a L, 1 5 : K2, = Ky, jog(a)
we want L, , to match the )\n,x ‘ﬁnym = T log(z) € Ky log(x) We already discussed, on relative purely
infinite elements of the decomposition, and to match £ : 1+ [, , = [, C Ky o C Kiypq 10g(x) OD

relative infinitesimal elements. The point then is that the wannabe inclusions

Kn,log(z) - Kn+1,log(m) Kn,log(m) c Kn—i—l,log(r)

are to be codified by ¢,, and f,, respectively.
Indeed one could deduce the definition of L from the defining property that E, 1 o L, =
and L, 41 0 By, = tp41 © B, which correspond to the fact that

>0
n+1 © 6
>0 >0 . >0
En—i—l,log(z) o Ln,z Kn r = Kn+2 log(z) Ln+1,m © En,log(a;) . ]Kn,log(x) - Kn+2,w

The following proposition ensures that E,, and L,, define ordered group homomorphisms and com-
mute with the appropriate maps.

Proposition 1.68. The following facts hold and follow from easy computations
i for every n > —1 the following are ordered group homomorphisms

E,: (Ky,+,0,<) — (K29, 1,<)
Ly: (K2 1,<) — (Kuy1,4,0,<)

n777

i1 setting B, n = Eptn and Ly, p, = Ly yy yields natural transformations

E:T = To(idg,»S) L:T=To(S,idy)

1w for veryn > —1
0
En+1OLn*L 1Oﬂ> Bn—i—loL

Ln+1 o En = ln410©° Bn = ﬁn+1 Oln

Proof. i. This easily follows by induction, as it is true by definition for £_; and L_q, and then assuming
FE,_1 and L,_1 are group homomorphism Remark 1.66 and Lemma 1.64 show that F,, and L, are
composition of group homomorphisms.

ii. Commutation with ¢ is straightforward by Remark 1.63 it is easy to check

Enobnfl =1lp O Ly LnOLnfl :LnOLnfl

this is essentially the fact we built F,, and L,, as an extension of F,,_1 and L, _1.
As for 3, reacall (Remark 1.62) that the decompositions commute with 8 and it is easy to check, using
Remark 1.66 that

En o ﬁnfl = Bn © Enfl Ln o ﬁnfl = Bn o Lnfl
We illustrate the F,, formula

7, 1 1 On
E, Oﬂn—l = [jn+1 Ln] {l o ([ )S:| Pn ﬂn—l =
L ‘n En
! ] 7 1 1 ]|t 8 On-s|
— ]n+1 n 1 En71 ([n)g n—2 N anl =
) L Gn—1 n—1
_ [ L ] _an Tn—1 1 1 Gn 1 o
Ul g1 Bae (GopE] P T

En—1
b1
1 1 "
:| Pn—1| = ﬁnoEn—l
En—1
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The situation for L,, is a a bit more complicated

(nAn Ln—1 O
LpoBn1= [Ln .[n-&-l] / 0 0 ! @ £:| le, Brn-1 =
- =" |1+ nr,
_ r -jn>\n Lnfl 0 tn—1 lmnil o
- [Ln h n+1] 0 0 a L 67172 ICn,1 -
- L (Qn—l) 1 + NI'yp—1
- . Im,,_
_ [L r ] 5n71 :| |:]n1)\n1 Ln72 0 :| le 711 _
rnt1] | a, 0 0 o,,L 141,y
. lmn,1
n—1An—1 Ln_ 0
=B [tn-1 [,] {J 10 ! 0 2 o E} lep—1 =B,0oFE,_1
=n—1 1+nr,_1

In both equations the central equality is a consequence of the properties of A and 7 we discussed in
Subsection 1.2.4.
iii. We just need to compute

LnJrl ok, =
. I lmn-i-l en
jn+1)\n+1 Ln 0 :l . [Tn 1 1 :|
= |in , ley, n ln n| =
[ +1 +2] { 0 0 o, L 1+n:+1 [1 +1 ] 1 E,.1 (£,)€ gn
. [id On,
_ [L L C ] ]7L+1)\n+1 Ly 0 id Tn 1 1 p _
n—+ n+42 0 0 gn—i—lﬁ 1 En—l ([n)g En
0
. Tn 1 1 "
= ln+1 []n+1/\n+1 Ln} |:1 E, . ([n)g] gn =
0]
= ln+1 [jn+1/\n+17-n L, En Ln([n)g} Pn| =
En
On
= ln+1 [ann Brtn—1 /B’I’L.[7J Pn| = tnt1Bn
En

T here to rewrite the row matrix we use respcetevely: the A7 relation, the inductive hypothesis and the
fact, following from the inductive definition of L,, that

L’no([n) :ﬁnoanoﬁzﬁno,[no‘c‘
The other relation E, 1 o L, = Bpt1tnt1 can be checked in a similar way. O

Definition 1.69. By the previous Lemma (point i and ii) maps E,, ,, := Epyrn and Ly, = Linin
define natural transformations

Eeo:T —T7%0(idg,S)  Lee:T7% = To(S,idg)
Thus we can define maps
log = L < lim Ly o : (TXF)7" — TLE
exp = B lim By o : THF — (TFF)”

Also by point iii of the previous lemma one has L = E~ .

1.3 On the groups of monomials and of purely infinite elements
In this section we prove a decomposition theorem for the group of monomials over R, MF%, we also

address the problem of showing that the above defined log, exp structures on the field of transseries
TEL C R(ONEL)) are analytic: namely we still didn’t give a proof of the following facts
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e log and exp restrict to group isomorphisms

exp|: R((MFL>1)T 5 mPL log|: MPE — R(((MPL)>1)"

o for every z € R(((S)JIEL)<1))B one has

2k 1)kt
exp(z) = Z o log(1+x) = Z (D%

keN keN k+1

1.3.1 Monomials over R
Recall the relation TC,, = TC,,_1 ((Nn)) from which one can deduce

TCpy = TCppio1 (Numt O --- O N,))

The idea is to extend this to

7C, = R(((D M)

k<n

And use this to see the diagram T as given by the inclusions

76, 2 RO M) € R(Q M) (Ner) *B( O Ne) ¥ T,

k<n k<n k<n+1
Otherwise put we want to define a diagram M : Z? — OAbGrps;

M(m,n) = () Ne(m) € T>°(m, n)
k<n

such that T = R((M)).
There are natural identifications

Ky 2R(M @ 0M,) =R(M,) M=o 090, = () M

ke(—oo,n]

where the last equality holds because M, = {1} for k < 0. It is not difficult to see that with these
identifications we have that the map S corresponds to

Brn=1idr(a-1©ap @ 0a,) :R(1Oag® - ©a,) > R((ap @ - ®ans1))
Construction 1.70. Set
m = M1 = My @ Nyt
mo=1:9, — M Mi1 = fin O Gyt s Dy — My o
Essentially 991, His M, +1 looks like

a_10-Oap

< < < < <
10N, 0MN,C No©---OMy ©Npga

Also set M, =1 for every n < —1 and m,, = 1 for n < —2. Essentially thus, for every n € Z

zmnzgmk

k<n

idon,,

Finally let n,, = { 1

<
] M, — My = I, ©N,, denote the canonical biproduct inclusions.

Fact 1.71. The following diagrams commute

mn Np——p gjtn.l,_l
mp O W41 Npp1om, =m,1on,
mn_H Mnt1—> 9ﬁn+2
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Construction 1.72. Let M deonte the functor M : Z? — OrderedAbGroups defined as

(ma n) — (TTL, n+ 1) mern Nm,n——r>p mm+n+1
J{ J{ |M> m ’H‘L n Mo, ,‘ n+1
S I
(m+1,n)——(m+1,n+1) Motnp1 —mttn— My yngo

where my, , = My, 4y, and Ny, ,, = N4y, Essentially M looks like

M_q

n_qj—3% ...

M_q n—1 Mo no

M_4 n-1 Mo o N, 51 Ny n

Set then MMEL = @PM.

Remark 1.73. The natural inclusions i1y : Mprpn — K>° may be build inductively as

m-+n
M,
. . 0 . . . 0
0 =jo : My — K7 i1 = [tnin Jng1]: © — K9,
sjtn+1

Proposition 1.74. The natural identifications K, = R((Emn)) induce a natural isomorphism T =
R((M)), that is
/8m,n = Zd]R ((mm,n)) lmmn = Zd]R ((nm,n))

Proof. Obvious by construction. O
Theorem 1.75. The natural isomorphism R((M)) = T induces an isomorphism

TEL & (e
Proof. This is a strightforward application of Theorem 1.37. O

1.3.2 R-purely infinte elements

We want to do what we did with the monomials of TFY over R with the additive group of purely
infinite elements. Thus we first want a diagram involving some

L = R(91) CK,
Now we have
M=y U (M o) = =N U (M oNGH U U (N ONL)
Hence
K 21, 2R(MG ") @ R(M 0N & @R(Maoy 01 2Jo & @ I

Similarly to the case of 9t we have that with these natural inclusions the maps ¢, and (3, restrict
respectively to

JO

0 0 0 Jo @

Zd ! @o . D

Un = I, = @ :Hn+1 Hn = . ST

0 J o .0
n+1 0 0 [a)

“lg, @

a]]n+1
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Construction 1.76. To be a bit more formal we are to define
Iy = Jo Iit1 =1, ®Jnt1
and inclusions i, : I, — K,, inductively as
io=Jo:Jo=To CKo  int1 = [tnin Jn+1] :In ®Jng1 = Knpa

It is then easy to check that ¢y, 04y = i541 0 Uyt
. . . id . id
Inln = [Lnln ]n+1] ol = In+1 0

and that defining inductively

0 0 Hn I[7l
Ho = [ ] 2Ly = g Hnt1 = {%ﬂ } D — @
(7)) Qp+1
Jn+1 v]]nJrl

one verifies, again inductively, that 3, o i, = ip41 0 pn
Qp

) . . n— 0 ) . . . .
In+1fn = [ann .]n-‘rl] |:MO ! :| = [Ln/Bn—lzn—l ﬂn]n] = B [Ln—lln—l jn] = Bnin

Essentially T, & I,,4+1 looks like

0Bao®---Ban

< < < < <
00 Jo® -+ ®J,C Jo® - @1 &Jnsa

Also set I, = 0 for every n < —1 and p,, =0 and v, = 0 for n < —1, so that for every n € Z

HnZ@Jk

k<n

Construction 1.77. Let I deonte the functor I : Z? — OrderedAbGroups defined as

(m,n) —— (m,n+1) Ltn Vimtn—> Ly tn1
J J =N ,“wn‘-%—n /tm+‘n+1

1 1
(m+1,n)——(m+1n+1) Lpant1 —Vmtnti—s Lo

Essentially I looks like

Set then 1FL = ligPI.
Proposition 1.78. There is a natural isomorphism R(M>1)) = 1.

Proof. Follows from the discussion at the beginning of the subsection.
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1.3.3 Structure of ML and ¥~

We may abstract the above construction of M from the N, and of I from the J, and make it functorial.

Definition 1.79. Assume A = {A(k) : | € Z} is a Z-indexed family of bounded ordered abelian
groups, that is a functor A : [Z] — OAbGI‘pSB : we can define a diagram

(SA):Z— OAbGrps (S A)(n) =D A(k) lexicographic
k<n

(SA)n—n+1): PAK) — P Ak)

k<n k<n+1

The construction is functorial in that if we have a map ¢ : A — B, that is {¢x : A(k) = B(k)}rez
there is a map of diagrams

(S9):(84)=(SB)  (Se)h=EPwr: PAk) —~PBK

k<n k<n k<n
We have thus defined a functor S : Func([Z], OAbGps®) — Func(Z, OAbGps®).

Lemma 1.80. The functor S : Func([Z], OAprSB) — Func(Z, OAprsB), preserves filtered colimits:
for every filtered D and every F : D — Func(]|Z], OAbGps) one has a canonical isomorphism

lim(SoF) = S (hg F)
Proof. This is a left adjoint to the functor
R : Func([Z], OAbGps®) — Func(Z, OAbGps®) R(F) = F|z
that is, given X € Func([Z], OAbGps®) and Y € Func(Z, OAbGps®) there is a bijection
Hom(S X,Y) = Hom(X, RY) ()

natural in X and Y. To see this notice that a natural transformation ¢ : X — RY is just a collection
of maps ¢, : X(n) = Y (n):

(Func([Z], OAbGps)) (X, RY) = H OAbGps(X (n),Y (n));
nez

a natural transformation he : S(X) — Y is instead a collection of maps h,, : (S X)(n) — Y (n) satisfying
the condition hn+1|(S X)(n) = Yn © hyn, where y, =Y (n > n+1):

X(n+1)
hn+1 = [hn+1|X(n+1) Yn © hn] : (S X)(TL + 1) = (&) — Y(TL + 1)
(8 X)(n)
Thus we can define the hom-set bijections { as
def
N (hn = [V(k—n)o @k}k<n)
- nez
m m
Func(|Z], OAbGps®)(X, RY) ¢+———— Func(Z, OAbGps®)(S X, V)
w w
def
(‘p” = hn|X(n)>neZ 1he
One can see these are compositional inverses and natural. O

Example 1.81. Any raw of the above defined diagram I (or better of its version in OAbGrps%g , PI,
that from now on,with a little abuse of notation, we denote as I) is of the form I¥(m) = I o R,, =
S(Jo R,,) = S(J¥(m)), and the relation actually generalizes to I” = SoJ¥. Similarly M¥ = SoN¥F.
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Definition 1.82. S actually extends to
S : Func(D x [Z], OAbGps®) — Func(D x Z, OAbGps®)

for every small category D. Indeed any functor F : D x [Z] — OAbGrps may be regarded as its adjunct
Fiz) : D — Func([Z], OAbGrps), then one can define S(F') : D x Z — OAbGps as the only functor
having as Z adjunct

(SF)z = SoFy : D — Func(Z, OAbGrps)

S
« F[Z] = G[Z] — S(a) : SOF[Z] = SOG[Z]

(application of a functor to a natural transformation: one applies the functor S, D-component wise,

S(a)a = S(aq)).

Notation As usual when working with products it may be more convenient to write S as

(SF)dn) =S FdF)  (Sa).= S au

Example 1.83. If D is a “diagram shape” category, e.g. D = {0 — 1}, then S sends a Z-family of
morphism «y, : Fy, = Gy of D-shaped diagrams Fy, Gy : D — OAbGrpsB

F(0) =22 G (0)
|

To the map of diagrams

—— P G0 P F.0)——
@D om0 k<n D aro k<n+1
—— P F(0) P F.(0) ——
k<n k<n
- D gk D g
D fx D fr
—— P Gr1)c Pert) ——
P a1k k<n P a1k k<n
o P F(1)C P A ——— -
k<n k<n

Remark 1.84. One easily sees that if we shift the index of the discrete argument, one gets a functor
shifted the same way: if F': D x [Z] — OAbGrps then we have

S(Fo (idp,S)) = S(F) o (idp, S)

Actually a stronger equivariance property holds when precomposing with any endofunctor L : D — D,
thus we have, for every [ € Z,

S(Fo(L,S8")=S(F)o(L,S"

Example 1.85. In the last two sections we applied the construction to the functors N, J : Z x [Z] —
OAbGrps We also defined natural transformations 7 : J — N o (idz, S) and A : N — Jo (S, S™1), these
give maps, via the S construction

S(7): I = M(idyg, S) SO\ : M =1(S8,871

Proposition 1.86. Let ' : D x [Z] — OAbGrps® with D filtered, then

lim (S(lim Fz))) = lig (SF) e ligkq(hg F(d,k)) = lim (k§nF(d, k))
Z D DXZ nezZ —  deD iee% =
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Proof. Idea: it follows from Lemma 1.80

hﬂ(SF) QQ(SF)Z—IEQSOF[Z %g( (EF 7))

Z D
O

Example 1.87. We exemplify the last proof and proposition contextualizing the construction to the
case F'= J. As we saw we defined I as I = S(J), that is I is defined by its adjunct I* = SoJE.
Lemma 1.80 is saying that there is a natural isomorphism

liy 77 = S (ting )
This telling us that as bounded ordered abelian groups
limg (7% (n) = (ting 17) (n) = S (timg J¥) (n) = D" () = B I
k<n
and that the maps v, = (thE) (n—=>n+1) = h_ng Ve m become, via this isomorphism, the inclusions
@Joo,k C @ Joo e
k<n k<n+1
The natural isomorphism 7, : hﬂ(IL(n)) = Dp< Jook is given by n, = lim 1o , where
Thm,n - ]Im,n = @J—m,m+k — @Joo,m+k mn = @ Oy m4-k
k<n k<n k<n
where J,, ., = J(m,n) = Jimign.
Applying this to the functor M we easily get the following result

Theorem 1.88. The multiplicative group of monomials of transseries decomposes as MEL = NOZ,
moreover the isomorphism holds at the level of B-groups (i.e. they have the same B-structure).

Corollary 1.89. There is a canonical isomorphism TFL =2 R((‘ﬂgoz))g.

As a byproduct of this construction we also get the group of monomials of T: in fact, the natural
isomorphism R((M)) = T restricts to a natural isomorphism T (n) = R((M L(n))), from this we deduce

TE 2= R((lim M (n R(() Noo )
k<n
1.3.4 Analiticity of exp and log, I¥F = log(IMFE)
We saw that the maps A and 7 induced maps
SA\:M=10(S,5") S7:1= Mo (idg,S)
it is easy to check that
((87)(8,571)) o (SA) =8(a)  ((SN)(id,S)) o (S7)=S(er) S(x)

so that

lim S(7) : mEL — 1EL lig S(\) : L TEL
are inverse isomorphism, in fact they are the restrictions of the exp and log to the group of monomials
and of purely infinite elements. This follows from a formal check that the following diagrams natural
transformations commute

J\[%Io(ss 1y SV 168, id) ﬂ:ST>Mo(id,S)
R((M))”° L R(Mo(S,id)  R((M) =2 R((M o (id, )"

At the same time one can check that the defined exp an log satisfy the analiticity condition on
infinitesimals, this should be somewhat easier since after the multiplicative or additive decomposition
the image of infinitesimal elements does not require to rise the logarithmic index m or the exponential
one n: if x € T(n,m) = Ky ;n = Ty log(z) is infinitesimal then exp(z) € Ky -
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1.3.5 Classical notations

Now that we have defined TZ, exp and log we are able to give a more intuitive definition of what an
element of TFL looks like. Let

TF: 5z = Eo,o(tl)
Notice that = > R C TFL. We then have the following

exp®(z) € Bl (Kingn) = k>m—n
Let us write

e For every m,n € Z

T77L+7L,logm(a:) = Em n( m+n)
Jner logm Bbm n.]m aner
mm—&-n,logm(w) = 6Lm,n]m,nmm+n
the former is the field generated by log,,(x) doing infinite sums and at most m + n nested

exponentials, the second is the R-vector space consisting of elements of K, 104, () Whose
support has monomials > T, _110g (z), and the third is the set of monomials used to build

Tm+n,logm(r) from Tm+n—1,logm (z) a8 Tm—i—n,logm(r) = Tm+n—1,logm(z) ((mm,—i-n,logm ('r)))7 that is:
— if n+m > 1 then mm+n,logm(m) = €xp Jm+n—1,logm(9c)
— if instead n +m = 0 then Ny 105 (») = log,, (2)* = exp(log,,,,(z)R),
— finally if m +n < 0 then My 41 105, (2) = {1}

Analogously we can set

I[m+n log,, (z) = Bbm nzm n er” = @ Jm+k log,,, (z)
k<m+n

9:nrnJrn,logm(:E) = B[’m,nim n~/tm+n = @ mm‘H‘? log,,, (z)
k<m+n

In such a way one has that
T7n+n,logm(f1:) = R((mm+n,logm(r) )) Hm+n,logm(m) = R((m;i&-n,logm(m)))

e for every m € Z, Tlog (x) def B, Oo( = U Tyt log,, () this is the familiar field of log-free

nez
transseries generated by log,,(z): it is the smallest field closed by exponentials and infinite

ambient sums.

o TL Lw7ﬁ(T5) = U Tyt log,, () this is the smallest filed containing exp™(x) closed by
meZ

infinite ambient sums and logarithms. We can also set

expr (z) =

Jexp () = loo,m Ojoo,nn]]oo = U Jner,logm(m)

m>—n

1.3.6 Levels

Levels are a coarse notion of magnitude. They actually induce a valuation on the multiplicative group
of monomials.

Definition 1.90. Let f,g € TFL be two infinite elements | f|,|g| > R, we say that f,g have the same
level if and only if there is m € N such that log,, (| f]) = log,,(|g])-

Lemma 1.91. Let f € TEL be an infinite element, then there is a unique n = Iv(f) € Z such that for
sufficiently high m € N, Imlog,, .. (f) = log,,(x). Moreover Iv(f) = 1lv(g) if and only if f and g have
the same level.
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Proof. To see the first notice that Imolog = Imolog olm, hence it suffices to show that (log olm)™**(f) =
log,,, (z) for a sufficiently high k. Also it suffices to prove it for the case f = m a monomial. We proceed
by induction: if m € im(?llog (@) for some m, then we are done, assume m € M, 105 (2), for n > 1 then

m € My 1og,. (2) = Nojlog,, (z) © Nilog,,, (@) O © Nilog,, (2)

log(m) € L, 1og,, ., (2) = Jo,l0g, 41 () © Jo,l0g,, () D ® In—110g,,(2)

so either Im(log(m)) € N7 1log

M1 log,, (x), and we are done by inductive hypothesis. O

(@) and in such a a case we are done by the base case, or Im(log(m)) €

Definition 1.92. For an element f € T”L we extend the definition of Iv to a function lv : TFL —
{=00} UZ as follows
lv(f) if [f| >R
M) = A (1/f) it f € (1)
—00 if feOo(1)\o(l)
Remark 1.93. With such a definition lv(f) = Ivlm(f), so that actually one can reduce to the study

of Iv : MFL — {—co} UZ. Also note note that Iv(1) = —oo and Iv(fg) < max{lv(f),lv(g)}, so that lv
is a valuation on the multiplicative group 9L,

The proof of the Lemma above suggests that 1v(f) is somehow related to stage at which f first
arises in the inductive construction of T#L. We make this precise in what follows.

Lemma 1.94. The diagram

tm,n
Km,n —_— Km,n+1
Bm,n Bm,n+1
lm+41,n
Kerl,n Km+1,n+1

s cartesian.

Proof. 1t suffices to prove that if z € K,, 41 and y € K41, are such that By, n+1(2) = tmt1,n(y)
then there is z € K,;, ,, such that B, ,(2) = y and ¢y, n(2) = z: let

T = ka‘i ki € Kpgin—1, M € Mgin

<o

then By, nt1(x) is

/Bm,n+1(17) = ﬂm,n((am,n)) Zniki = Z am,n(ni)ﬂm,n(ki)

<o <o
hence if By nt1(2) = tmy1,,(y) it has to be n; # 1 = k; =0 and & = vy, (2) for some z € K,y . Now
from tm nt1(¥) = Bmnt1tmn(2) = tmnt1Bm.n(z) we also get y = B, n(2). O

Remark 1.95. If we want to see this in T”Z the statement above is just
Km+n+1,logm(ac) N Km+n+1,logm+1(x) = EnJerKn,m N EnJrl,mKn,m = Em,nKm,n = Km+n,logm(ac)
One easily sees that this implies that in general
Emmem N Em/,n'Km’,n’ = Emin{rmm’}7min{n7n’}Kmin{m,m’},min{n,n’}
or in a rather cumbersome classical notation
Kintn jog,, (@) N K tns log,,. (2) = Kinin{m,m}min{n,n'},108 s () (2)

Corollary 1.96. For every f € TEL\R, there is a minimum (m,n) € Z? such that f € Kintn,log,, (z) =
E Kinn- Clearly in such a situation m +n > 0.

m,n=>1M,

Proof. Follows from the Remark above. O

Proposition 1.97. Let f € Ky i log, («) \ Km4n—1,10g,,(z) be infinite, then Iv(f) = n.
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Proof. We prove this by induction on m+n: if m+n = 0 then f € Kg1og, (2) \R and for some r € R>0
one has

Imlog(f) = Imloglm(f) = Imlog(log,,(x)") = Im(rlog,, (x)) = log,, ()

hence lv(f) = —m =n.
As for the inductive step assume m +n > 1, if f € Kijn10g, (2) \ Kingn—1,log, (z) We have

lm(f) =M =Nptm - "No n € mk,logm(z); Wt > 1

Now from this and the fact that m 4+ n > 1 it follows that
lm(log m) € log(m;im]ogm(m)) = "H7>n?&-n—1,10gm($) g Km-i—n—l,logm(m) \Km+n—2,logm(z)

and this concludes the inductive argument as Iv(f) = Iv (Imlog(f)) + 1. O

Corollary 1.98. For every f € TEL one has f € Téxp"(x) if and only if W(f) < n.

Proof. Tt suffices to show this for f infinite. This is a straightforward application of the Proposition
above since if f € T if and only if there is m such that f € K, p 10g, (a)- O

exp,, ()

Corollary 1.99. The valuation lv : ML = Orez fﬁé{pn(m) — Z s the one induced by the decomposi-
tion: namely 1V(‘ﬁfxpn($) \ {1}) = n.

1.4 A bounded chain isomorphism 17" = (]IEL)>O

An interesting fact concenrning M., is that there is a bounded chain isomorphism M., = NZ!, since
we know that (Mo, ) ~ (Joo, +) via @S(T) it suffices to prove an analogous result for Joo.

It turns out that actually more holds: we prove one can build an isomorphism ~ : T ~ J in
OAbGrps®. We will build v as a limit of a natural transformation 7y, form T'Cjy, it turns out that in
order to have a simpler base case we will use the virtual modified version Jy(m) = I of the diagram
JY as presented in Remark 1.46.

Construction 1.100. Let F : OFields — Chains; be the forgetful functor and > : OFields —
Chains; be the functor taking a field to its positive cone. Fix h : F = >Y a natural isomorphism
between these functors such that h;(0) = 1 for every field k. Notice that such a natural transformation
exists, as any formula for a function defining a chain isomorphism between k and £>° definable in the
language of fields and such that 0 — 1 will do. As an example take

z+1 ifz>0

%x ifz <0

hy : k— k70 hk(x):{
1

Now define a family of ordered abelian groups isomorphism =, : K,, — I, inductively as follows
yor=idp Koy = I g =idg, (E(v,%0hoy, 1))

The idea is that we are using the ordered abelian group isomorphism ~, : K,, — J,, to define a chain
isomorphism 7% o h oy 1 : J,, — J>¥: this is well defined because v, is invertible and, being additive
and order preserving, restricts to a map between the positive cones 7,7° : K,, — J>°. Then one defines
Yni1 as the K,-linear map that acts as the exp conjugate E(7,7% o h o, 1) of the above defined chain
isomorphism.

Proposition 1.101. For the above defined v, we have

KTL Vn———> uHn
|

Bn O Qn Qp O Yn = Yn+1 © Bn
! 1

KnJrl —n+l—ryp Jn+1

that is ve : TC|yug—1y = JO is a natural isomorphism of diagrams of ordered abelian groups.
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Proof. We procede by induction. Case n = —1 is the following
Y00 Bo1 =idg(E(v2] o horyZ) : Iy = J20))) o ide ((t° — %)) =
= idR«E(’yf? oho 7:11 o O))) = idR«tO — tl)) =a_1=Q_107_1
As for the inductive step
Opt1 © Ynt1 = Bn ((t.(aio))) oidk,, ((E(’)’n oho %:1))) =
= Bn((B(ar 0% 0oy 1))
Tnt2 © Bny1 = idg,, ., , ((E('Yio oho 7;-%1))) o By ((E(O‘n))) =
=idg, (E (id‘]]n é (79 oho 'Vn+11)) ) © B ((E(0 €<B oy 0 é Jn = Jn é Int1))) =

= Bu((E(vaty o h oty 0 an)))
Hence it suffices to show that

>0 >0 -1 __ -1
an 0’771 Ohor)/n _,yn-‘rloho,Yn-i-loan

but this follows from the inductive hypothesis and the fact that ho 3, = 3% o h because h is a natural
transformation:

>0 >0 -1 _ >0 >0 -1 _ >0 -1
an O’Yn Ohonn - n+loﬁn Oho’}/n —7n+1oh°ﬁn0’Yn

>0 —1 _ >0 —1
Vg1 ohov,fioan =77 0ho B, 07,

Definition 1.102. Let v = ligrl’y. : T =5 Jo. It is an isomorphism in OAbGrpSB.
Corollary 1.103. There is a B-chain isomorphism Jo, ~ J20.

Proof. This just follows from the fact that Joo ~ T* as ordered abelian group and that the latter is a
field. O

In order to prove that IFL ~ (HEL)>O it suffices hence to prove that if A ~ A>0 then A%%Z ~ ADZ,
We will prove a more general result, though in order to give the idea of the construction we first work
out the euristic of this exmple.

As a matter of notation write A®? = A((t7))% = A[t?].

We will prove that both A[t?]>° and A[t?] are both chain isomorphic to Z * Aft(=o:0]],
Notice that

A[t(—oo,n—i-l]] _ A[t(—oo,n]] +A<Otn+1) ElA[t(—oo,n]] i (A[t(—oc,n]] +A>Otn+1) ~

~ (A[tm ) & A) O AR 5 (A1) & A) ~

~ (A[t o) & A<0) T Ao § (AR 1] & 4>0) ~
~ A0 § Afp(—ooml] § Afp—o00)]
From this one easily infers that the order type of A®Z = A[tZ] is
7 x Afp=o00] = ... [ Ap(=o00) T A(=o00 T A(—001] ...

In order to be formal on the isomorphism we first need to fix the chain isomorphism h: A 5 A>0, we
will also need an isomorphism A = A<, this is just given by a ++ —h(—a).

Now the isomorphism behind the heuristics above will thus send A[t(=°%%] in {0} x A[t(=>%%] in the
obvious way, and then send

Aft(moeml] g+ 4>0 5 I 4 1) (A[t(foo’fl]} + 4) t" Moty hHa) + Ty
Aft(Foonl] 4t A<0 5 op — 1} x (A1) + A) "oy —h Y (—a)+t Ty

Thus we got the formula for a chain isomorphism f : A[t?] — Z x A[t?]

f(z) = {(sgn(x)le(x)7 sgn(z)h = (|le(z)]) + (z = lt(z))/Im(z)) if le(z) > 0
(0,z) if 2 € A[t(=oo0])
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As it comes to A[t%]>° we have
A[t(foo,n+1]]>o _ (A[t(foo,n]] n tn+1A) >0 _ A[t(foo,n]]>0 |j (A[t(—oo,n]} + tn+1A>O) ~
~ ARom)>0 [ (A1) § A>0) o Afp(-o0m]]>0 [ A[p(-o00))
Again from this one can infer the order type of A[t?]>0 is Z x A[t(=>>0l] this time we send
A[toon] g1 4>0 o I (A 4+ A7) e by b a) + Ty
Thus getting the following formula for a chain isomorphism g : A[t?]>0 — Z x A[t(=>])]
g(x) = (le(2), A~ (le(x)) + (v — 1t(2))/Im(z)))

Notice that if A has a bounded structure, then the bounded subsets of A[t?] are those with uni-
formly bounded supports and sets of coefficients, the maps f and g, then both induce the same bound
structure on Z x A[t(~°%] whose bounded subsets are the sets with projections on Z and on A[t(~>:0]]
both bounded, with the usual structure.

The above discussion proves the following

Theorem 1.104. If A is an object in OAbGrps® such that there is a Chain® isomorphism A ~ A>°,
then there is an isomorphism in Chains®

’L/J . A@Z N (A®Z)>O
Corollary 1.105. There is an isomorphism g : IFF ~ (HEL)>O in Chains®.
Theorem 1.106. There is an isomorphism of ordered abelian groups
G: TPV - TFF

HEL

otherwise stated the field of transseries is an w-field with the w-map ) = exp oG.

Proof. Define G as
G = idR((exp og o log)) . ]R(( exp(]IEL)))B N R(( exp(]IEL)>1))B

where g : IFF — (]IEL)>O is the Chains® -isomorphism of the previous corollary. O
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Chapter 2

Surreal Numbers

2.1 Basic Definitions

The goal of this section is to define the surreal numbers as a an ordered field and prove some basic
fundamental facts. Definition and constructions are to be intended in a well founded set theoretic
universe with sets and proper classes, and satisfying at least NBG axioms.

2.1.1 Surreals as sequences
Let On denote the proper class of Von Neumann Ordinals.

Definition 2.1. We define the surreal numbers as the class
No = 29" = {0,1}<°" = U {{0,1}* : @ € On}

that is the class of {0,1} valued sequences from some «, as a ranges in the class of ordinals. As a
matter of utility we also establish the following notation for some subsets of No:

No, = [ J{0,1}"

y<a
For x € No we define its length, le(x) as the domain of the sequence z: that is, set theoretically
le(xz) = dom(z) = min{a € No : z € Noy41}

The class No comes with a natural partial order relation given by set theoretic inclusion, i.e. since we
are talking about functions, function extension': we call this simplicity relation and write it as <.

r<syezCy<el(r) <l(y) &Viel(lzr), z(i) =y(i)

If x <5 y we say that x is simpler than y. We readily notice that <, makes No into a complete
meet-semilattice with meet given by

S
TNy =z|g =ygs for B =sup{a € On: z|q = Yla}

/S\A = (ﬂ A) ’/3 for B =sup{a € On:aC dom(ﬂA)}

It actually happens that /\® A exists and makes sense even when A is a proper class

Remark 2.2. The simplicity relation is a well founded partial order: if z; is a strictly decreasing
sequence for <y then le(x) is strictly decreasing for the usual order < = € on On, hence the sequence
cannot be infinite. The simplicity relation plays a central role in defining basic operations on No.

Notation It will come in handy later to have some notation for sequence concatenation: we will
write 2~y to denote the concatenation of sequences of form two ordinals. More precisely if dom(z) = «
and dom(y) = B, with o, 8 € On, x~y will denote the sequence with domain dom(z~y) = a +

(ordinal addition) and
= Jz(y) ify <a
(z~y)(v) = {y(7 “a) ify>a

IWe will make use of the convention that function “are” set theoretically their graphs, that is f : X — Y means
FC X XY and f satisfies Ve € X3ly € Y (z,y) € f.
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2.1.2 A total order

Let us define the following function —[—] : No x On — {0, e, 1} for which we use the infix notation

slo] = {e if a > le(x)

z(a) ifa <le(x)
Remark 2.3. If 2,y € No and o = le(zAy) then z[y] = z(y) = y(y) = y[y] for any v < a and
zla] # yla].

The total order classically defined on No is the lexicographic order w.r.t. to this evaluation function
and the order 0 < e < 1:

Definition 2.4. On No we define the total order < as the only order satisfying
x <y zlle(z A y)] < ylle(x /s\y)]

One easily sees that this is a total order the same way one proves lexicographic orders are total.
We say that a class C' C No is convez if it is convex w.r.t. <, that is if

VaVyVz ({z,y} CO)&(z < z2<y) > 2€C

If C, D are classes of surreal numbers we will use C' < D to signify Ve € C, Vd € D, ¢ < d, similarly if
x € No, z < C (resp. = < C) will mean that V¢ € C one has = < ¢ (resp. ¢ < x).

Example 2.5. For every « € No the set {y € No: z <, y} is a convex class.
If A, B are subsets of No, then one can consider the convex classes

(4;B)={yeNo:A<y< B} [A;B]={yeNo: A<y < B}

Fact 2.6. Any convex class C has a simplest element, i.e. a minimum for <g, and it is given by

r=NA\C.

Proof. Tt suffices to prove x € C: if not, since C is convex it has to be either x < C' either C < z.
Assume the first: since z Ac = x by definition of < it would mean that for every ¢ € C, c[le(z)] = 1,
but this would imply that z—~1 <y ¢ for every ¢ € C', contradiction.

We remark two crucial easy facts relating <g and < for future reference:
Fact 2.7. The following hold
1 Va,y € No, xgsygsz%(x<z<—>a:<y)
1 Vx,y € No, xga:/s\ygy
2.1.3 Completeness properties
It happens that the No,;1 enjoy a very strong form of completeness as will be shown in Proposition 2.9

Lemma 2.8. The following hold

i) for every a € On, every element of No, has a successor and a predecessor in Noy 41
Vz € Nog, (x; x“l’“{O}"_(le(w)H)) NNogi1 =0
Vz € Nog, (xﬁom{l}a—(le(z)ﬂ) : x) NNog1 =0
it) if A € On is a limit, then one has that (Noy, <) is a dense order
Vr,y € Noy, <y —3Jz€Noy, <2<y

where a — (le(z) + 1) denotes the smallest ordinal v such that le(x) + 1+ v = .

Proposition 2.9. Given a class A C No, for every f € On, if {x € Nogt1 : ¢ > A} # () then
Jag = min{z € Nogyi : © > A}, moreover for any v > B one has ay still exists and ag <s a-,
ag 2 Q.
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Proof. We do induction on 8. If 5 =0, Nog = () and there is nothing to prove.

e 3= [B+1:if {x € Nogyoxr > A} # () and {z € Nogy1 : x > A} = 0, then { € Nogjs : >
A} = {{1}1}, for {1}°*! has a predecessor in Nog. 2, namely {1}# which is also in Nog.1; if
instead {z € Nogy; : > A} # () by inductive hypothesis we can consider ag = min{z € Nogy; :
x > A}, we see then that ag has a predecessor in Nog,2, namely ag—~0—~{1}(8+D=0e(@)+1) hence
agy1 exists and is agy1 € {ag~0~{1}F+D-(el@+D) g 1

e v < 3= [ with f limit: again if {z € No,41 : > A} = 0 for every v < 8 and {z € Nogy1 :
x > A} # (), then since {1} = min{z € Nog,; : # > Nog} we have that in this case ag = {1}7.
If instead 3yg s.t. {x € Noy 41 : 2 > A} # 0, then Vy > 7o we have {x € No,41 : 2 > A} # :
by inductive hypothesis we get a sequence {a, : § > v > 70} such that v < 7' = a, < a,
hence we can define z = (J{a,, : v < S}: this is a surreal number of length < 8 hence z € Nog41.
We further distinguish two cases:

i If le(z) = B, we claim that ag = x. Let y € Nogy; and y < z, then y < TAy < T: one
has z Ay <s x and there is a a~ such that TAY <s a, <s z and since x > z Ay by Fact 2.7.i
LAY < a~. Finally since TAY € No, 4 it follows that thereis a € A s.t. y < TAy < a.

i if le(z) < B, then ag € {x,2'}, with 2’ = 2~0~{1}8~0e@+1) " Again there are two cases:
either 2/ > A, in such a case given any y < 2’, said 3y = yAz’ we have le(y’) < § and
y <y < a';in particular y’ < z and y' € No,; for some v < § and v > le(y), v > le(z) so
that ¥’ < x = a, and by inductive hypothesis there is a € A such that a >y’ > y. If instead
there is a € A such that x > a > 2’ we easily get that for any y < z with y € Nog4, one
has y < 2’ < a (because z’ is the predecessor of x in Nog1).

This concludes the induction argument. O

Remark 2.10. The same statement holds for the opposite order >. In particular we get that every
Nog+1 is a Dedekind-complete total order.

Remark 2.11. The No,4; are never dense orders: we saw there are always elements with successors
and predecessors. Instead Nojy, for A a limit ordinal, are always dense orders, but never complete
orders.

Notice that if A is limit then the Dedekind-MacNeille completion of Noy lies naturally in Noyy; and
it is a dense compete order: this happens because every Dedekind cut? of Noy has one and only one
separator® in Noy+i-

2.1.4 Representations

Definition 2.12. Given a couple of sets A, B C No, s.t. A < B, we introduce the following notation
for the simplest element of the convex class (4; B),

s

(A1B) = \(A; B)

A representation of z is a couple of sets A, B such that A < B and x = (4|B). Among representations
we distinguish the simple ones: a representation 2 = (A|B) is simple if the convex class (4; B) equals
{y € No:z < y}.

Definition 2.13. Let A, B C No be classes, we say that A is cofinal in B if

Voe B, dac A, b<a
that is to say A is cofinal in the class {x € No : 3b € B, x < b}. Analogously we say that A is coinitial
in B if

Voe B, dace A, b>a

One can estimate the length of (A|B) in terms of the length of elements in A and B

2 A Dedekind cut of a poset (P, <) can be defined as a couple (L,U) of subsets of P such that I < U, maximal
among the couples of subsets satisfying this property; in the case of a total order it is the same as requiring LUU = S.
Notice that in general if (L,U) is a cut |L N U| < 1, and equality holds if and only if (L,U) is a principal cut, that is
L={z:2<g}and U= {x:x > g}, whereg is the element generating the cut.

3 we can define a separator of a dedekind cut (L,U) of a poset P in a superposet P’ D P as an element z € P’ such
that L <z < U: clearly if (L,U) is principal generated by g, then g is a separator.
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Lemma 2.14. Assume A, B C No and A < B, then le(A|B) < sup{le(AU B) + 1}.

Proof. Let x = (A|B), if it were le(z) > sup{le(AU B) + 1} = a we could consider z|,. Since every
element in A U B has length strictly less than «, we would have (by Fact 2.7.i) A < z|, < B against
the fact that = is <;-minimal in (4; B). O

Remark 2.15. Assume A, B,C, D C No are classes and C' < D, so that (C; D) is nonempty. Then
(A; B) C (C; D) if and only if A is cofinal in C and B is coinitial in D. If this is the case we say that
the couple (A, B) is cofinal in (C, D).

From the remark above we immediately infer

Fact 2.16. The following hold
i If (A, B) is cofinal in (C, D) and (C|D) € (A; B) then (A|B) = (C|D).
it If (A, B) and (C, D) are mutually cofinal, then (A|B) = (C|D).
Among simple representations we distinguish a special one.

Definition 2.17. For z € No denote
L(z)={yeNo:y<szx, y<uz} U(z)={yeNo:y<sz, y>uz} S(z) = L(x) UU(x)

respectively the set of lower initial segments, upper initial segments and just initial segments of x.
The standard representation of x is the couple (L(z),U(x)).

Proposition 2.18. For every x € No one has that x = (L(x)|U(z)), and (L(x),U(x)) is a simple
representation of x.

Proof. Tt suffices to notice that (L(x);U(z)) = {y € No : z < y}. This follows from the definition of
the order. 0

The standard representation enjoys a very special property
Proposition 2.19. If x = (A|B) then (A, B) is cofinal in (L(x),U(y)).

Proof. Let o’ € L(x), then 2’ < x < B, since z is <;-minimal in (4; B) and 2’ <5 = it cannot be
x’ € (A; B); by convexity of (A; B) and since 2’ < B it has to be 2’ < (A; B) which is to say there is
a € Ast. 2’ <a. The case of 2" € U(x) is analogous. O

2.2 An ordered field structure

In this section the basic operations +, - on surreal numbers are defined, and it is proved that they make
No into a totally ordered field. The ideas of the proofs in the presentation follow quite closely the ones
found in [6].

2.2.1 Sums: an ordered abelian group structure

We define a notion of sums of surreal numbers which makes them into an ordered abelian group.
The definition is by transfinite induction and not so difficult, it is however archetypal of other more
complicate definitions of operations on surreal numbers. The inductive definition could be made on
(le(x),le(y)) € Onx On with the product well partial order: this would though lead to some redundant
inductive statements. In the end it is better done by induction on le(z) @ le(y) where @ is the natural
(Hessemberg) sum of ordinals.

Proposition 2.20. There is one and only class function _ + : No x No — No satisfying the
recursive relation
z+y= (L) +yUz+LyU) +yUz+Uy)) (SumInd)

moreover the following hold

r+z<y+z

le(x +y) <1 @1 SumOrd
D (@ +y) < lo(a) ®le(y) (SumOrd)

Vx,y,z € No, x<y—>{
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Proof. Tt suffices to prove by simultaneous induction on « the following 3 statements Pl,, P2, P3,.
Vaz,y € No, le(z) @le(y) <a— L) +yUc+ L(y) <U(x) +yUz+U(y) (P1,)

which is to say x +y = (E( )t+yUz+ Ly |U +yUx —i—U(y)) is well defined for every x,y such
that le(x) @ le(y) < a: notice that for every for every e L(x),y € L(y), 2" € U(x), y" € U(y) one
has that le(z) + le(y’), le(z’) + le(y), le(z) + le(y”) and le(z”) + le(y) all are ordinals < « so that the
sets appearing in the definition of x + y are already defined assuming P1, for every v < o. The other
two statements are

le(z) @ le(z) < eua
T+ 2z z
Va,y,z € No, < le(y) @le(z) <a p — { Y } (P2,)
ztrx<z+y
T <y
Vi,y € No, le(z) ®le(y) <a—le(z+y) <« (P3.)

If « =0, Pl,, P2, and P3, are trivial as (0); 9) = 0.
Assuming the three hold for every 8 < a we prove

P1, By P2, we have that for any o’ € L(z), ¢’ € L(y), 2" e U(z), vy € U(y)

z+y/<x+y// x+y/<I//+y/<x//+y
+y<a’+y yry<a+y <x+y”’

P2, Ifx < ythen z < x Ay < y and one of the inequalities is strict: assume for example z < x /S\ y <,
then z Ay € E( ) so TAYy+2 < y+z by definition via P1,, similarly we get z4+z<zAy+z,

for if  # x Ay then actually also z Ay € U(z). Finally one sees 4+ 2z < Ay + 2z < x +y. The
case with z + e is analogous.

P3, by P3.q, for every vy € L(y), le(z + ') <le(z) +1le(y’) < a, hence sup{le(z + L(y)) + 1} < a.
The same statement holds for « +U(y), L(y) + = and U(y) + =, thus by Lemma 2.14 we conclude
le(z +y) < a.

O
Definition 2.21. The above function + is called sum of surreal numbers.
Proposition 2.22. The sum of surreal numbers + enjoys the following properties

i) Uniformity of the representation: given any two representations x = (A|B), y = (C|D) one has

z+y=(A+yUz+C|B+yUz+ D)

it) (No,+, <,0) is an ordered abelian group.

Proof. i. By Proposition 2.19 and monotonicity of + in both arguments, A 4+ y is cofinal in L(z) +y
and x4 C is cofinal in x + £L(y): it follows that A+yUx+ C is cofinal in £L(z) +y Uz + L(y), similarly
y+ BUz+ D is coinitial in U(x) + y Uz + U(y). The statement then follows from Fact 2.16.ii.

ii. Associativity: by point i we can write

(z+y)+z = ((L(2)+y)+2U(z+L(y)+2U(x+y)+L(2)|U(@)+y) +2U(z+U(y)) +2U(z+y) +U(2))

4+ (y+2) = (L(@)+ (y+2)Uz+(L(y)+2)Uz+ (y+L(2)) [U(z)+ (y+2) Uy + U(z) +2) Uz + (y+U(2)))

and an inductive argument on le(z) @ le(y) @ le(z) allows to conclude that (z +y) + 2z = + (y + 2).
Commutativity: 0+ 0 = 0 then proceed by induction and get

v4y = (L(z)+yUz+L(y)|[U(z) +yUx+u(y))i“=d(£()+x)Uy+£ NUly) +zUy+U(x)) =y+=

Identity: the identity element is 0, its standard representation is ((J; @) and one easily sees by induction
that
z+0=(L(z)+0|U(z)+0) = (L(x)|U(x)) =

Inverse: define —x as the only surreal number such that le(—z) = le(z) and for every i € le(x) one
has x(i) # (—x)(4), that is the sequence obtained exchanging 0 with 1. We prove by induction on le(z)
that « 4+ (—z) = 0: notice first that
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It follows by inductive hypothesis that for every —z” € L(—x) one has —z”" + 2 < —2”" + 2" =0 so
that £(—z) + = < 0. Similarly one obtains U(—x) +x > 0, (—z) + L(z) < 0 (—z) +U(x) > 0, hence
—z+2=0.

Finally notice that we already saw compatibility of the order with + (Proposition 2.20, SumOrd). O

Corollary 2.23. No) are closed under addition if and only if A = w® for some a € On.

Proof. This follows from the estimate on the length of the sum le(a + b) < le(a) @ le(b) and that this
estimation is optimal for every couple (le(a),le(d)). O
2.2.2 Product: an ordered ring structure

One can define a notion of product on No compatible with < and + in the obvious sense of defining
a totally ordered ring structure on No. The definition of product again is by transfinite induction
on le(x) @ le(y): the recursive definition formula is made so to force that for every =’ € L(z),z” €
U(z),y" € L(y),y" € L(y), one has the relations

(' —2)y —y)>0 (@ -2)¢y -y)>0 (@ -2)¢ -y <0 (@ -2)(y" -y <0

Proposition 2.24. There is one and only one class function - : No x No — No satisfying the
recursive relation

$WZ<MJQ@X£@»UMAW@XU@»

Py (L(z) X UY)) Upay (U(z) x L(y))) (ProdInd)
where Py (Z,9) =x-§+y-Z —y-&. Moreover the following hold

<y

T
Vz,y,z,t € No, {
z <t

} —at—xzz <yt —yz (ProdOrd)

Proof. 1t suffices to show by simultaneous induction on o € On two statements three statements P1,,,
P2,.
Vz,y € No, le(z) ®le(y) < a —
= Pay (L(x) X L(Y)) Upay (Ux) x UY)) < pay (L(@) x UY)) Upasy (Ue) x L(y)) (Pla)

that is to say x - y is well defined for every z,y such that le(z) ® le(y) < a. Again for every o’ € L(x),
y € L(y), 2" €eU(x),y"” € U(y) one has that le(z)+1e(y’'), le(x')+1e(y), le(z) +1e(y”) and le(z”) +1e(y)
all are ordinals < « so that the sets appearing in the definition of x - y are already defined assuming
P1., for every v < a.

a € {z,y} <y
Vrx,y,z,t € No, < le(a) ®le(d) : <a& —at —xz <yt — P2,
vy {(@ <>bep¢}}—a {Z<t} vi-wz<yi-yz  (P2)
Assuming P1., P2, true for every v < a:

P1, Notice that by P2, given z(, 2} € L(x), vy € L(y), ¥’ € U(y), denoting by &' = max{x(, z}}
we get

Pay (1Y) = Poy(@0:Y') = Doy (@' Y") — pay (@, y") =2y’ — 2y —ay”" +2"y" >0

where the first inequality followos from the fact that by P2., one has p, ,(—,b) is increasing
(where it is defined) if b < y and decreasing if b > y. The other inequalities are obtained in a
similar way.

P2, first assume that the couples x,y and z,t are both related by simplicity. E.g. assume z <g y and
z <s t, then z € L(y) and z € L(t), then by definition yt > xt + yz — zz, the other cases are
similar. Now assume that z,t are related by simplicity but x,y are not: we have

x < x/s\y <y=at—xz< (x/s\y)t— (x/s\y)z <yt—yz
The hypothesis on z,t is removed in a similar way:

S S

z<z/s\t<t$xz—yz<x(t/\z)—y(t/\z) <at—uyt
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Proposition 2.25. The above defined operation - enjoys the following properties

i) Uniformity of the representation: given any two representations x = (A|B), y = (C|D) one has
oy = <px,y(A % C) Upay (B x D)|pay (A x D) Upay (B x c)>

ii) (No,+,<,-,1,0) where 1 = {1}! is a totally ordered integral domain.

Proof. i. By Proposition 2.19 one has A and C are cofinal in £(z) and L(y) respectivly and B, D
are coinitial in () and U(y) respectively, moreover ps y|(g:z)x (0;y) a0 Pe.yl(250)x (y;0) are increasing
in both arguments, hence p, ,(A x C) is cofinal in p, ,(L(z) x L(y)) and py (B x D) is cofinal in
Pzy(U(z) x U(y)). The coinitiality statement of the right hand parts of the representations follow
similarly using the fact that pe y|p;2)x (y:0) and Pey|(z:0)x (0;y) are respectively decreasing in the first
argument increasing in the second and increasing in the first argument decreasing in the second.

ii. Commutativity: as for addition we can use an inductive argument noticing that assuming commuta-
tivity true for couples with sum of the lengths strictly less then le(x)®le(y) we get py 2 (7, ) = Doy (T, 7).
Distributivity: it suffices to prove distributivity on the left i.e. z(y 4+ 2z) = zy + xz. We use induction
on le(z) @ le(y) @ le(z). Direct computation shows that 0- (04+0) =0-0=0=0-0+0-0. As for the
inductive step we can compute z(y + z) using the representations

= (L(x)|U(z)) y+z=(Ly)+z2Uy+ E(z)]ﬁ(y) +2Uy+ L(2))

The typical term of the resulting representation of z(y + z) via i. is of one of the two forms

Pryt=(E,G+2) =By +2) + 2(f+ 2) — F(F+2) = w2+ Ty + 2§ — TF

- - - =~ -\ ind - I
Possl@ry+2) = 3y +2) +aly+2) — &y +2) = ay + &2 + 05 — 22

for & <sx, § <s y and Z <g z,. We used inductive hypothesis on the second equality (igi ) of each line

and a term and is lower if the — elements in the right end expression are both lower or upper and

upper otherwise. On the other hand computing xy + xz we get typical terms

Doy (Z,9) + 22 =22 + Ty + 27 — TY XY + Py (T,2) =2y + Tz + 02 — 32

with the same rule for deciding whether they are lower or upper, hence the representation coincides
with the one above.

Associativity: again the proof goes by induction on le(z) @ le(y) @ le(z). Again using i. we can get a
representation of (zy)z with typical terms

Pay,e (Poy(£,9),2) = (2y)i+ (zg+ Ty —27) (2 — 2) T<sx, §<sy, 2<s2

again a term beeing lower if the number of @ elements that are lower is odd; and one of z(yz) with
typical terms,

px,yz (fapy,z(:% 2)) = ‘%(yz) + (.’I} - ;fj)(yé + Zy - :[jé) T <S x, g <S Y, z <s z

with the same rule for deciding whether they are upper or lower. By direct computation using inductive
hypothesis one sees they coincide.

Identity: we want to prove {1}! = 1 € No is the identity element. We proceed by induction: the
standard representation of 1 is 1 = ({0}|0), and we see that

P.(0,7)=1-2+0-2-0-3=1-7

where in the second equality we used the fact that 0y = 0 for every surreal y, which follows from the
distributive law. The inductive step easily follows.
Order compatibility: this means that

Ve,y € No, >0&y>0— 2y >0

and follows from Proposition 2.24, ProdOrd. We notice that this strong form of compatibility also
implies No is an integral domain. O
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2.2.3 Existence of multiplicative inverse

In this subsection we prove the existence of a multiplicative inverse of nonzero surreal numbers. The
proof is again by transfinite induction, though it require a quite more subtle and involved construction
then the previous we saw. The proof is quite the same as in Gonshor [6]. We remark that this is actually
superfluous, since as we will see No will turn out to have a “Hahn field” structure over R.

Construction 2.26. Let x € No \ {0} and assume there is 1/y € No for every y <s x, we can define

fz : No x §(z) — No fm(t,y):t—l—l_xt

Let S(z)* ={y:7 € (S(z) \ {0})™, n € N} denote the set of finite sequences in S(z) \ {0}. We define
inductively a function Fj : S(z)* — No as

Fx() =0 Fx(yOa .- -ayn—layn) = fac(Fx(y07 cee 7yn—1)7yn)

Now define the sets
I(x) = {F(y) : 7 € S()", zF,(y) <1}

J(x) ={F:(y) :y € S(x)", zF,(y) > 1}

Depending on the sign of = one has Z(z) < J(z) or J(z) < Z(x), in any case if properly arranged the
couple forms a representation.

Such a representation will be a representation of 1/z. In the proof we will make use of a Lemma

Lemma 2.27. With the notations and assumptions of Construction 2.26 we have
I(z) = {F:(y) : J € S(x)*, [{i € le(y) : yi < x}| € 2N}

J (@) ={F:@) :7€S@)* {icle(®) :y; <z}| € 2N+ 1}

that is to say for any ¥ = (Yo, ..., Yn—1) € S(x)*, zF(y) > 1 if and only if the number of i < n such
that y; < x is even.

Proof. Notice that f, satisfies

rfe(t,y) =1+ (z —y)(fu(t,y) —t) 2t <1let< fulty)

hence t — f,(t,y) maintains the property of being in Z(z) or J(z) if y > x and reverts it if y > =.
The statement then follows by induction noticing that xF() =0 < 1. O

Proposition 2.28. With the notations and assumptions Construction 2.26 x has multiplicative inverse
given by (Z(z)|J (x)) if x > 0 and (Z(z)|T (z)) if x < 0.

Proof. Tt suffices to verify that for > 0 one has x - (Z(z)|J(x)) = 1. For notational commodity let
(Z(2)|J (x)) = w. Using Proposition 2.25.i we get a representation of zw with typical term given by

Paw (T, Fo () = 2F,(§) + Tw — 2F,(Y) zeS8(x),yeS(x)"

and it is lower if # < z and 2F,(y) <1 or & > x and zF,(7) > 1, upper otherwise.

We immediately see that taking & = 0, and 7 the empty sequence we get py ., (0,0) = 0 hence 0 < zw.
Now it suffices to notice that py ., (5:, F, (y)) < 1if it is lower and > 1 if it is upper.

If & = 0 then we have p, ., (0, F;(§)) = 2F,(y) and we easily see that the term is lower if and only if
xFy(g) < 1.

If instead & € S(z) \ {0} then F,(y, ) is defined, also, since we assumed z > 0, £ > 0. We have that
the term py, ., (Z, F;(9)) is lower, that is & < z and 2F,(y) < 1 or & > x and 2F,(y) > 1, if and only if
(by Lemma 2.27) one has ©F,(y,Z) > 1. This in turn is equivalent, by definition of w, to

1—aF,.(y
w< E(58) = F(m) + e
and this agian is equivalent to py ., (%, F»(¥)) = (z — 2)F,(¥) + wz < 1. O

Theorem 2.29. (No, +,0,-,1,<) is a totally ordered field.

Proof. By Proposition 2.25.ii the only thing left to prove is that any « € No \ {0} has a multiplicative
inverse: this follows by induction on le(z) using Proposition 2.28 O
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2.3 Remarkable Subrings of No

A way of getting subrings or subfields of No is to consider No, for some suitable ordinal A. We already
saw that Noy is closed under addition if and only if A = w® for some o € On. Some more difficult
estimates on the length of the product of two surreal numbers and of the inverse can be found in [§]:
there the following is proven

Proposition 2.30. Let A € On, then
1 Noy is an additive subroup of No if and only if A = w® for some o € On;

ii Noy is closed under product if and only if \ = w*" for some a € On, in such a case it is a
subring of No

iti Noy is a subfield of No if and only if w» = X, that is X is a e-ordinal.

Hence the smallest non null subring of this form, is No,. It turns out that No,, is the ring of
dyadic fractions

Now:{%ZMGZJfEN}

as was already shown in [5], [6].

Lemma 2.31. If z,y € No are such that ({22}|{2y}) = = + y, then ({z}|{y}) = i _; Y
Proof. Let ¢ = {a}|{b}, then 2a < a4+ ¢ < a+b < c+b < 2b. Now by definition 2¢ = ¢+ ¢ =
{a + ¢}|{b + ¢}, hence by Fact 2.16.i one has 2¢ = a + b. O

Proposition 2.32. If x = {1}""~0~y with le(y) =n < w one has

n—1
1 (k) — 1
IZ’”*g*XW
k=0

1
Proof. We proceed by induction on n. If n = 0 we have {m — 1}|{m} =m — 3 by Lemma ?7.
1 2k+1

5 + on+2
cardinality argument

Now let T = m — with 0 < k < 2", and * = 2/~1. By inductive hypothesis and a

1 c
. n+1 _ M~ ()~n -

1 2k+2

r +

3t omrz = 2 which therefore is the minimum upper

in such a set there has to be 2"’ = m —

initial segment of x. It follows that

+1 2+ 1
z = ({2'}{2"}) = ({ Qniz} | {;n+2 }) - 2Cn+3 c=m2""2 4 2"t ok 41

a similar arguments can be carried out for x = 2”70, in suh a case one starts with z”” which is

the minimum upper initial segment of x and sees that the maximum lower initial segment is =’ =
" —n—2

" =2 . O

Corollary 2.33. The ring No,, is the ring of dyadic fractions, No,, = Z27N.

Along this line one can prove that R is a subfield of No contained in No,,1: precisely it consist of
all finite length surreals and of w-long surreals represented by a non eventually constant sequence, i.e.
those not of the form z~{1}* or z~{0}* for € No,,. For detailed proof and treatment we refer to
[6], Chapter 4, Section C, pp.32-41.

Remark 2.34. Another way around this could be to use the theory of cuts in abelian groups as defined
in [10]. We will be loose in reporting this: first because this far from the focus of our work and second,
most importantly, for lack of time.

Given a total order (X, <) a quite natural definition of cut is the following® : a cut A is a couple (AX, AT?)

4 note that this is not the same as a Dedekind-MacNaille cut we wrote about in Remark 2.11.
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of subsets of X, such that A < Af and A¥ UAF = X. It happens then that one has two different
versions of a principal cut: if z € X we have 2+ = ((—o00, ), [z,00)) and 2~ = (— 00, 2], (x,00)). The
set of such cuts is then denoted as X, and has a total order given by A; < Ay < AF C AL,

If one then considers the disjoint union X L X and extends the orders setting

r<AsxeAl A<zerzeAl

one gets a totally ordered set X. An interesting fact is that if X = No,, then there is an order
isomorphism X —~+ No, extending the identity on X, defined as follows:

e every z € No, = X C X is sent into itself

e if A is a principal cut i.e. if A = 2~ or A =z, then one sends respectively 2~ in x—~011---, and
ztT in 2~100---.

e if instead A is not principal then A and A have respectively no maximum and minimum in
X = No,, in such a case a has to be limit and one can show that there is one and only one
element of length exactly « separating the two sets: we set the image of A to be this element.

Now restricting the attention to the case in which o = A = w” is an additive ordinal we have X = No,
is an ordered abelian group, the above defined X and X happen not to inherit a well defined ordered
abelian group structure, they however retain a more complicated structure studied and defined in [10],
namely that of a doubly ordered monoid (d.o.m.): it would be interesting to study in more detail the
relation of the structure of d.o.m. of X = Noy11 and the structure it inherits from surreal numbers.

2.4 Archimedean classes and Conway’s w function

Let (A,+,0,<) be a linearly ordered abelian group, one defines the absolute value of an element x to
be |z| = max{x, —z}. On A one can define the reflexive, weakly antisymmetric relation

r=y < neN |z|<n-ly & ze(Z-yl
This induces the equivalence relation
rxy & s3y&ky=xc

the equivalence classes of such a relation are called Archimedean classes of the group: note that the
intersection of an archimedean class with the positive cone {x € A : x > 0} is convex.

Definition 2.35. We call a surreal number = a monomial if it is the simplest positive representative
of its archimedean class. We will use fracture letters m to denote monomials. The class of monomials
will be denoted by 9: it inherits the natural order of No 2 9.

It happens that 9 is closed under product and parametrized by No.
Proposition 2.36. There is one and only one function w™ : No — I satisfying the recursive relation
w® = ({0} U {nw™ :neN, 2 € ﬁ(:c)H{Q*kw"”” ckeN, 2" elU(x)}) (wRec)
moreover T < y = w*¥ < wY.

Proof. By induction on le(z) = a: we prove that if the operation si well defined up to No,, and that
for every z,y € No, one has
r<y=>w" <wY (*)

the the operation is defined up to No,4; and (*) holds up to Nog41.
The fact that for every x with le(z) = «, w® is well defined as an element of No follows easily from (x)
on No,. As for w® € 9, notice that if y < w®, then

ly] € ({0} U {nw® :neN, 2’ € L(x)};{27Fw® i keN,z" e U(x)})

hence w” <y y. ‘
Finally from the defintion of # we have that if say 2 < y, then 2 < z Ay < y and we get that from the
inductive definition of z it follows that

w® —<wxiy =y

This concludes the induction argument. O
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Definition 2.37. The above defined function w™ is called Conway’s w function or just w-function.
Proposition 2.38. The w function has the following properties

i Uniformity of the representation: given any representation x = (A|B) one has
w® = ({0} U {nw® :neN, 2 € A}|{2*kw“"” :keN,z"” € B})

it w™ : No — M is an order isomorphism, in paritcular it is surjective: that is for every monomial
m there is x € No such that w® = m.

i W0 =1 and WY = wW*WY for every x,y € No.
1w w” restricted to ordinals is the same as ordinal exponentiation with base w.

Proof. i. Since w™ is increasing and (A, B) is cofinal in (£(z), L(y)) we get the desird cofinality result.
ii. We immediately notice that since w™ is strictly increasing it is injective, hence the only nontrivial
fact is surjectivity. We prove by induction on le(y) that for every y € No \ {0}, there is a « € No s.t.
w? <.

If le(y) = 1, then |y| = 1 and we see from the definition that w® = ({0}|0) = 1.

Now assume the result holds for every number in No,, and let le(y) = «, then by inductive hypothesis
for every § € S(y) there is a (unique) element & = f(§) € No such that w/(¥) = j: we easily see that
Yo < 1 = f(yo) < f(y1), for otherwise the fact that w is increasing would be contraddicted. We thus
have f(L(y)) < f(U(y)), now we distinguish two cases:

e if there is z € f(L(y)) N f(U(y)) # 0, then we have f(L(y)) <z < f(U(y)): it follows that such
a x is unique and L(y) = wfEW) < w? < wfUW) < 1Y (y), hence y =< w®.

o if f(L(y)) N f(U(y)) = 0, then f(L(y)) < f(U(y)), also wf(FW) is cofinal in L(y), as in this
case the set of archimeden classes intersected by £(y) has no maximum, analogously w/ ) is

coinitial in U(y). So if we define x = (f(L(y))|f(U(y))) we get by confinality and py point i.

y = (wf(ﬁ(y))‘wf(u(y))) =T

iii. We already saw that w® = 1, let us prove w*¥ = w%w? by induction on le(z) @ le(y). If either
x or y are 0, then we know the result true because w® = 1. If none of them is 0, then we can write
representations of w® and wY as

Wt = (Nwﬁ(m) |2*qu(y)) WY = (ch(y)|2—qu(y))

Thus we get a presentation of w*wY with lower terms of one of the two forms

’ / ’ / Ind ’ ’ ’ ’
nwrw?¥ +mw® w¥ — nmw® w? = Y + mw® Y — pme® Y (La)
_ " _ " P 1" " Ind _ " _ " P " "
27 MWEWY T 4 27T WY — 27T Y T QTN TY T 9Ty Y 9Ty, o4y (Lb)
and upper terms of one of the two forms
’ _ 1" _ 1" ’ Ind ’ _ " _ " ’
nwrw?¥ + 27w WY — N2 MW WY E etV 4 27T Y 2Tt Y (Ua)

"

’ " I d _ " ’ _ ’
VTR 2T L omu® Y — 27 Y (Ub)

27w WY 4 mw® w? — 27 mw® w
where 2/ € L(z), 2" e U(x), ¥ € L(x),y" € U(x), n,m € N, and we have used inductive hypothesis to

write them in the form on the rightside of zd
We notice that the terms of the form (Lb) are all negative and we can suppress them from the presen-
tation: this is because
ww//+y// >_ 2_nww+y/l + 2_”_ﬁ/(“)‘z//_"_y
A representation of w*tY is instead

WETY — (wa+£(y) U Nwﬁ(x)+y|2—wa+u(y) U Q—qu(ﬂc)+y>
Notice that the sets defining this representation are included in the above: in particular all elements
of Nw* W) U Nw?(®)*¥ are of the form (La), all elements of 2~ Nw® W) are of the form (Ub) and all

elements of 27 NwH(#)+¥ are of the form (Ua). Hence to conclude, it suffices to work out the following
cofinality results:
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o Nw?t£W) U Nwr @)+ is cofinal in the set of terms of the form (La) for
nw™ Y 4+ mw® T — nmw® Y < 2max{n, m} max{w® Y, w* ¥} € Nw*£W) U Nwf @)ty

o 27N U@+ i5 cofinal in the set terms of the form (Ua): notice that w® +¥ = nw®+¥ —p2—m e +v'

hence
’ 1" 1" ’ 1"
R ax Q=M Y _ pomm a2y > 2—m—1( Y ¢ 2—N U(z)+y

e analogously 2~ Nw*t®) is cofinal in the set of terms of the form (Ub).

iv. This follows by induction using the inductive definition and the fact that if o is an ordinal, then
the standard representation of {1}* is a = ({{1}? : v < a}(0). O

2.5 Normal Form: a Hahn field structure

No has a natural structure of Hahn field over its set of archimedean classes 9t = w™N°. We devote this
section to present the structure

2.5.1 Normal form

The rest of this section will be devoted to build an isomorphism
> iR(OM) =5 No

throughout the subsection, until otherwise, stated > will deonte such an isomorphism.
Its inverse is usually referred to as normal form: more specifically given a 2 € No the only f € R(90))
such that > f = z is called normal form of x.

Proposition 2.39. There is one and only one function Y : R(IMN)) = R(wN°)) — No satisfying the
following inductive relations on the well order type of (S(f),>)

Zfz <{Zf|m+qm:m€s(f)vq6]1§,q<fm)}‘{Zf|m+qm:me$(f),qe]l£,q>fm}>

moreover it is strictly increasing and the following properties hold:

i Tail property: for every m € M one has
S = fma Y gm) Y=Y S m| 2w

it If S(f) has a minimal element m, then Zf = Zf|m + fam

Proof. We prove that if > is defined, strictly increasing and satisfies the tail property on the set of
g € R((M)) with (S(g),>) ~ (a, <) for some ordinal o < 3, then Y is defined also for all f such that
(S(f),>) = (B, <) so that it stays strictly increasing and still satisfies the tail property.

The good definition follows trivially from the fact that

Zf|m+qm<2f|n+m

for every m,n € S(f), ¢ € L(fwm) and r € U(f,) by the inductive hypothesis: one easily sees that
fim+gm < f < flm+rm.

Tail property: it suffices to prove the first equality, as the inequality then follows from the fact that
|f| < maxS(f). Notice that S(f — flm) = S(f) N (—oo, m] has order type < f3, hence it is defined as
f— flm = (A, B) where

A:{Z(f|n7f|m)+qn: n<m, qGR,q<fn}

B={Z(f|n—f|m)+qn: n<m, qeR,q<fn}

Srm+ A< flm+ 3 (F - flm) <> flm+ B
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moreover Z flm+ A and Z flm + B are cofinal and coinitial respectively in
A ={3flo+qo+ > (f~flm): o>m g€R a< fo}

B ={3 flo+qo+ 3 (f~ flm): 0>m g€, g> f)

becasue, stright by the inductive definiton ‘Z(f - f|m)‘ = max{S(f) N (—oo,m]} < m, so it follows
that ‘Z(f - f\m)‘ =< o for every o > m.

Now from the uniformity of the definition of sum (Proposition 2.22.i) and from Fact 2.16 we deduce

that
S S S - flm) = (Z flm+ A‘ S fmt B) (+)

The typical terms of such a representation can be rewritten by inductive hypothesis as
Ind
D flm+ Y (fln— flm)+gn =D flntqn

This implies that the representation () is the same of the one defining Z f-

Increasingness: let g < f be such that (S(g),>) ~ (o, <) with o < 8 and {m,},<5 and {n,},<3 be
two decreasing sequences of monomials, s.t.

S(f) ={m,y 1y < B} S(g) ={ny v <o}
Set 6 = min{~y : f|lm, # g|ny} so that one has

flms11 — gns1 = fum;Ms — guyhs > rmax{ms, ns}

for some r € R, r > 0. It then follows from the tail property that

’Zf—Zf\ma+1‘<ma ‘Zg—zg|m5+1‘<n5

hence f — g > ' max{mg,ns} for any 0 < r’ < r. This concludes the induction argument.
Finally notice that ii follows from the tail property (i) truncating at the minimal monomial in the
support. O

Remark 2.40. From the definition of > it follows that Z flm < Z f+ this is because the elements
in the defining representation of > f|m are also in the defining representation for > f.

Before preceding with the proof of surjectivity and other properties, we remark the following about
R((O1)): its elements can be seen (i.e. are in natural bijection) with the set of couples of sequences
(Ty)y<a> (My)y<q from some a € On and such that (m,)eq is strictly decreasing and 7, # 0.

With this in mind, extending the notion to the case in which r, does not need to be actually always
null we can apply > also to such sequences writing

D_rmy = f

y<a

where f € R((9)) is the element with support S(f) = {m, : v < «, 7y # 0} and f(my) = r,.

Proposition 2.41. ) : R((w)) — No is bijective.

Proof. Injectivity is trivial, because we saw Y is strictly increasing. In order to show surjectivity let
us first define two auxiliary functions Im : No — 9t LI {0}, and lc : No — R defined by

|z] < lm(x) |z —lc(z)] < Im(z)

For x € No let us define a transfinite sequence x,, of nonzero surreal numbers such that the sequence
m, = Im(z4)<q is strictly decreasing as follows:

e if x = 0 the sequence is empty, otherwise ¢y = z
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e assuming we have a sequence (2. )y<q such that (my),<q is strictly decreasing we set r, = lc(z~)

and
Lo =T — E Ty

y<a

if it is nonzero, let the sequence terminte otherwise. In case x, was defined we need to see that
(m7 = lm(xy)),y@é“ still is strictly decreasing: let 5 < « the by Proposition 7?.i we get

lzg — zo| = Zrﬁnv — z:n,rmY <mg < m,
r<a <8

By construction thus the sequence terminates at stage « if and only if x = Z ryMm,.

y<o
Hence surjectivity follows if we can prove that every such sequence eventually terminates.

In order to do this we show that if x, was defined for every v € On then = ¢ would have length
le(x) > « for every a € On.

First notice that form Remark 2.40 one hasle(3_, _, rym,) > . Now we see that letting >, rom, =
(A|B) be the defining representation of > _  r,m, we immediately see A < # < B, in particular
A<z < B,so Z'y<a rymy <g z. Now this would imply le(z) > «, since o was arbitrary we have a
contraddiction. O

Proposition 2.42. " has moreover the following properties

i Uniformity: for every f € R((m)) and every A 2 S(f) one has
Zf: ({Zf|m+rm:m€A,r€R,r<fm}’{me+rm:m€A,r€R,r>fm})

1 Additivity: for evvery f,g € R((m)) one has Zf + Zg = Z(f +9)
iii Ring homomorphism: for evvery f,g € R((m)) one has Z(fg) = (Z f) (Z 9)

Proof. i. Uniformity: First notice that for every m € 9 and every r',7” € R with ' < fu < r” one

has
Zf\m+r’m< Zf< Zf|m+r”m

essentially because of the definition of order on R((9t)) and the fact that > is an order isomorphism.
Now notice that if A D S(f) then the sets of in the repesentation above are cofinal in the defining
representation of Y f.

ii. Additivity: Procede by induction on the natural sum of the order types of S(f) and S(g). Computing
a representation of Y f + > ¢ via the definition we get a representation with typical terms of one of
the two forms

Dfmtqm+d g D> f+> ghhtpn meS(f),neS(9),q R\ {fu},p R\ {fu}

We see that this is mutually cofinal with the presentation of > (f+g) deduced from point i with typical
terms of the form

YD (f+gm+rm=> flm+> glm+gm  meS(f)US(9),q R\ {fu+gm}

where the equality follows by the inductive hypothesis.
iii. We precede by induction on the order type of S(f)S(g): typical terms of the product (> f) (>_g)
are by definition

ST G+ Y 9= > f=flm+qm g=gn+pn

These can by inductive hypothesis be written as
S fa+fa—T=> (fa—(f=Na-8)=>_Ff9=> (f—Nlg—a)
Now since S(f — flm — fum) <m and S(g — g|n — guan) < n

f—f=(f—flm—fmm)+(fm—q)m:> _F
g—9=(9—gn—gmn)+(gn —p)n
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where S(h) < mn hence |h| < mn.
Since |(fm — q)(gn — p)| can be an arbitratry small real number, by mutual cofinality we get a repre-

sentation of (3~ f) (O 9)
({ng—i—rmn:r eR,7r<0,mn € S(f)S(g)} ‘ {ng+rmn reRr<0,mne S(f)S(g)})

this is also a representation Y, fg by (i) and the fact that S(f)S(g) 2 S(fg). O
For future reference we summarize the above result in the following
Theorem 2.43. The function Y : R(9M)) — No is an ordered field isomorphism.

Remark 2.44. This allow us to define a notion of truncation and of summable family on Surreal
numbers. The notation for the summation of a summable family is then consistent with the notation

for > in particular
Z = Z Jmm

meS(f)

where the right hand side denotes the notion of summation inherited by the Hahn field structure.

2.6 Kruskal-Gonshor exponentiation

Recall that an exponential field is a field (K, +, -, 0, 1) endowed with an exponetnial function F : K — K
such that
E(z+y)=E(x)E(y) E(0)=1

that is, a group homomorphism F : (K, +,0) — (K\{0},-,1). In 1986 Gonshor, following some ideas of
Kruskal defined a nontrivial exponentiation exp : No — No extending the natural base exponentiation
on real numbers and satisfying two other reasonable assumptions.

When discussing the topic a natural class of surreal numbers arises, so we introduce them here

Definition 2.45. A surreal number z € No is said to be purely infinite if it is urely infinite w.r.t.
to the Hahn Fileld structure No = R((9)), that is, if it has only infinite monomials in its support,
S(z) = 1.

The class of purely infinite surreal numbers is usually denoted by J.

Remark 2.46. As a consequence of the definition and Theorem 7?7, we have that every surreal number
x decomposes uniquely as a sum & = j + r + &, with € € o(1) infinitesimal, » € R and j € J.

No=o(1)+R+1J

The above Remark implies that the definition of an exponential function can be split into the
definition of exp |41y, exp |, exp |y, since

eco(l), reR, jel= exp(j+r+e)=exp(j)exp(r)exp(e)
Now one would like exp to be an analytic exponential in the sense of [?] that is, we recall:
e exp(r) has to be the real natural exponential;
e for infinitesimal x it is the infinite sum corresponding to the series expansion of the exponential
function
l.n
ol <12 —
neN

e exp(J) = M, that is, it sends purely infinite numbers surjectively into monomials; it follows
that the restriction exp |jon : J — 9, can be composed with Q! yielding an additive map
G =Q1'oexp|:J — No, it is natural then to require it to preserve infinite sums, it is actually
reasonable to require it to be

G =idp(9) : T =R(M>") — R(M)) = No

for some chain isomorphism § : 9> — M.
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First two technical lemmas

k
Lemma 2.47. For x € No let [z], = %,

k=0

the following hold

i if x > 0 then {[z], : n € N} is strictly increasing
—z—1
it if x <0, and let ng = {2—‘ with the convention that ng = oo if |x| > 1, then
a {[x]2n+1 : n < ng} is decreasing and < 0
b {[z]ant1 :m > ng} is strictly increasing and eventually positive; it is empty if |x| = 1.
Proof. i. This is clear since it is a sequence of partial summation of a positive term series.

ii. Notice that
x+2n—|—3> 22

elansa — elanin = (T2

hence the sequence [x]a,41 is decreasing when restricted to n < ng and strictly increasing for n > ng.
Finally we see that [z]; is positive if and only if 2 > —1, and in such a case, since we are assuming z
negative ng = 1. 0
Lemma 2.48. The following hold

i if iy >0 then [z + yl, < [Z]n[y]ln < [T+ Yl2n;

it for every x,y € No finite, i.e. s.t. both |z|, |y| are < 1 one has

VmeN, IneN, VpeN,p>n— [+ ylams1 < [2]2pr1[ylapta

iii for every x € No with |x| < 1 one has
dmeN, Vp >m, [z],[—z], <1

Proof. i. Tt suffices to notice that

[+ ylan w”z

k:l

[@]n[yln — [z +yln Z Z

kn+1jkn

n

Zoyl kZTH—k'Z l

ii. First deal with the case in which both |z|, |y| < 1, hence x =r +§, y = s + ¢, in such a case

|[2)2ns1 — [Flonta| < 1 |Wl2ns1 — [Sl2n41] < 1

then we know the fact is true for r, s € R and conclude.
iii. use the same trick as ii. O

Proposition 2.49. There is one and only one class function exp : No — No satisfying the recursive
equation

1 /
exp(x) = {0, exp(z’)[r — 2], exp(z”) [z — 2" )2n11 } H [z),(,p(xx}L [x,expi]i:ﬂ } (Exp.Rec)
2k
where [h], = Z o and ' is intended to range in L(z), £ in U(x), and terms involving [h)2ny1, are

k=0
to be considered only if [h]ant1 > 0. Moreover

exp(z)[y — z], < exp(y)

exp(y)[x - y]an < exp(x) (EXPOrd)

Vn € N, Vx,yeNo,x<y—>{
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Proof. We procede by induction: assuming exp | : No, — No is defined and Exp.Ord holds restricted
to x,y € Nog, we prove that the recursive relation allow us to define exp(z) for every x with le(z) = «
and that Exp.Ord holds up to Nog1.

So let le(x) = o we need to prove that for every z it has to be a/, 2,2} € L(x), 2", 27,24 € U(z),
m,n € N one has

exp(z')[z — 2’2" — x]m < exp(z”) exp(2”)[x — 2")ans1[r" — T)ami1 < exp(a’)

exp(ry)

exp(flz) " "
—_— Tr— exp(xy) <
[ 1]2n+1 p( 1) [-'15/2/ x]

o = exp(af) < 70

Lo m]2n+1

For m,n € N and [ = max(m,n)

" -T/]l < exp(ac”)

exp(z’)[r — 2| [2" — x]p < exp(2’)[x — 2'|)[2" — 2], < exp(2)[z
Similary if | = max(m,n) and p is large enough we have
exp(z') [z — z)ont1[r — 2" ]am41 < exp(a’)[z" — x]ag1[r — 2”241 < exp(a’)[z’ — 2")2pt1 < exp(z”)

In order to deduce the last two inequalities we first notice that for y, z € S(x) the following facts hold

a) z<y<z—=YmeN, IneN, Vp>n, exp(2)[z — 2]m < exp(y)[z — y]p

b) z2<y<z—>VmeN, IneN, Vp>n exp(y) < exp(z)

» [r—yl2p41 [z—z]2m+1

c) z<y<z—VmeN, IneN, Vp>n, exp(2)[z — 2]am+1 < exp(y)[z — ylop+1

d) z<y<z—VYmeN, IneN, Vp>n, [?E’S]’Z <%
a) pick n = 2m then for p > n one has [z — 2], < [z — yply — 2] hence
exp(2)[z — 2]m < exp(2)[y — 2lplr —ylp < exp(y)ly — zJp
b) we know there is n such that for every p > n one has [z — z]om41 < [2 — ylop+1]y — x]2p41 hence
exp(y)[z = zlomi1 < exp(2)[z = Ylop1ly — wlop1 < exp(2)ly — 2l2pia
c) we know there is n such that for every p > n one has [x — z]am+1 < [ — Yl2p+1[y — 2]2p+1 hence
exp(2)[z — zlamt1 < exp(2)[y — zlapralr — Ylapsr < exp(y)[z — ylapta
d) pick n = 2m then for p > n one has [y — z],[z — y], > [# — x| hence
exp(y)[z — lm < exp(y)[z — ylply — 2], < exp(2)[y — 2l

Now setting =5 = max(z, z5) by (a) and (b) we have a for sufficently large p and by the fact [h],[—h],

exp(ef) _ exp(ah)
[ — o1~ [~

exp(a)[zy — xlm < exp(h)[r — x5], <

similarly setting z4§ = min(2Y,z4), by (c¢) and (d) for sufficiently large p

exp(ef) _ exp(af)
e INT. oI <e AN, < <
Xp(iﬁl)[l‘ $1]27L+1 = Xp(1‘3)[.13 333}21)_;,_1 [l'g — x]m = [95/2/ — -T]m

This proves that exp(z) is well defined for every z with le(z) < a, we need to prove Exp.Ord. Notice

that this is trivial if one among z and y is an intial segment of the other, otherways consider t = z Ay,
then x <t <y, we thus get

exp(z)[y — ]n < exp(z)[t — lanly — tlon < exp(t)]y — tlon < exp(y)
similarly for large enough p
exp(y)[z — ylont1 < exp(@)[t — z]2p1[y — tlapr1 < exp(t)[y — tlap+1 < exp(y)
This concludes the proof. O

Proposition 2.50. The above defined function exp satisfies the following properties
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i Uniformity: for every presentation v = (A|B) we have Exp.Rec holds also if we let ' range in A
and " in B.

1 for every r € R we have exp(r) = e”.
it for every € € o(1) and every r € R we have
En

exp(r + &) = exp(r) Z

neN

nl

i for every j € J and every finite f one has exp(j + f) = exp(j) exp(f)

Proof. i. we immediately notice that for 2’ € A and 2/ € B we still have that exp(x) satisfies the
betweenness property by Exp.Ord. Thus we only need to prove cofinality of the presentation with z’
ranging in A and z” ranging in B in the defining presentation exp(x«). This follows from the fact (4, B)
is cofinal in (L(x),U(x)) by Proposition 2.19 and that by Exp.Ord

¥ = exp(@)r -2, 2 exp(@”)[r — 2")2n11
2 exp(z”) 2 exp(z’)
[35” - w]n [ml - $]2n+1

are all increasing functions.
ii. We immediately notice that exp(0) = {0}|} = 1. We now prove by induction on length that for
dyadic fractions exp(r) = e": by inductive hypothesis we easily see that e” satisfies the in betweenness

property

1"

, , / , exp(r’) e’
exp(r’)[r —r'lp, =e" [r—r'], <e” ¢ < [r" — 1], B [r" — 7],
’ r’
exp(r”)[r —r" = [r—1" <e’ e’ < exp(r’) = ¢
p( )[ ]2”+1 [ ]2n+1 [’f‘/ — T]2n+1 [7"/ - T]27l+1

To see cofinality notice that if » > 0 we can fix ' = 0 and get lower terms of the form [r], and
upper terms of the form [r]a,41: now since by the inductive hypothesis all elements in the defining
presentation of exp(r) are real, and e” is separating to conclude it suffices to notice

lim [r], =" = lim L

n—oo n—oo [_T}ZnJrl
A similar reasoning can be done for the case r < 0 setting " = 0 and using [—r], and [r]2n+1.
Finally notice that the case of a general r € R follows similarly, as for all elements in R the in
betweenness property still is satisfied and the cofinality parts holds because initial segments of reals
are dyadic fractions.

iii. Let us set for notational commodity ¢ € o(1), e* = E —- We divide the proof into steps.
n!

neN
Step 1: we prove that for € € o(1) \ {1} in the recursive definition of exp(r + ¢) in terms of S(r + ¢)

we can restrict to elements of S(r + &) which have the form r + £. First notice that all elements of
S(r + €) are finite. Next observe that if § € o(1) and s € R are such that s + 6 <; r + €, then

R(exp(s+0)[r —s+¢e —6],) = exp(s)[r — ], < exp(r)
s<r— exp(s+9)
8:E([S—T'|-5—€]2n+1

) = exp(8)[r — S|an+1 > exp(r)

R(exp(s+0)[r — s+ € — 8ant1) = exp(s)[r — s]2nt1 > exp(r)
sS>r — §R< exp(3+6)
[

s—r+0- s]n> = exp(s)[r = sln < exp(r)

where R(—) denotes the real part. it follows that terms of the recursive presentation of exp(r + ¢)
coming from y € S(r + ¢) with R(y) # r can be omitted by cofinality (we are using r <s r + €).

Step 2: Notice that for infinitesimal e, one has that ee® = e°% because the equality holds at the
level of formal sums.
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Step 3: Under the inductive hypothesis that for elements in r + & € S(r +¢) one has exp(r + &) = e"e®
we have that e"e® satisfies the betweenness condition.

exp(r +¢&')e —¢€'l, = eres [e—€]ln < eTef et — el

/ !
€ <e— e?/ip(r +e) _ / ere’ S ettt = ore
[¢' — €lan+1 [e" — €lant1
exp(r +&')e — €"’]ons1 = eres [e —&"]ans1 < e"et 5T = eTef
/, 1"
e<e =4 exp(r+¢e”) _ el S e = — e
[e” —eln [ —¢ln

Step 4: Again under the same inductive hypothesis, let x =7 +¢e =), riw®, that is r = r, ag = 0
and (a;);<o decreasing. We prove that for every w® € S(e"™e*~"), we have that there is n € N and j3
such that said y = Zi</3 rw® and z = x — y one has

exp(y)| s
2l |

lexp(y)e” — exp(y)[z]n] < w®  |exp(y)e” —

We have that b = >/~ Olal for some finite sequence (i;)j. ' in a, hence setting  such that ag =
min{a;, : 0 < j < n} we get b > nag, so it happens that

Sk

lm(exp(y)ez — exp(y)[z}n) =lm [ exp(y) Z aq — lm(zn-l-l) — ntbas b
k>n+1

o <€Z‘ [14) =m ( - )

Now on y we may apply the inductive hypothesis and get exp(y)e* = exp( Yexp(y — r)e® = exp(r)ec.
Thus we get that {exp(y)[2], : y € L(x),n € N} is cofinal in {exp(r)e|w® + w’q : b € S(exp(r)e®),q <
...}, the other cofinality statements are proved in a similar way.

iv. Again we proceed by steps.

Step 1: in the defining presentation of = j + f in terms of S(j + f) we can restrict to the terms
coming from elements of S(j + f) of the form j 4+ f with f finite: in fact if |z — & > 1 is infinite one
has

g

exp(2)[z — < exp(@)[z — Fnsr < exp(z)
I<z— exp(Z) . exp(Z)

[Z —Zlont1 [T — T]on+s

> exp(x)

exp(Z)[z — T|on41 < exp(F)[z — Z]2n+3 < exp(x)
>z — exp(T) . exp(Z)
] P A P
whereas if 2 — 7 is finite then exp(¥)[z — #] < exp(¥) and hence in this case exp(¥) < exp(x).
Step 2: assuming the inductive hypothesis true for every j + f € S(j + f) we get that a presentation
of exp(j + f) with typical terms

> exp(x)

exp(i 4+ HIf — fln, = exp(j) exp(F)[f — exp(]+f) = €X _e~Xp7(f)
p(j + F)If = fln = exp(G) exp())[f = fln T P(J)[f_f]n

where f <, f, this means that we have a representation exp(j + f) = (exp(j)F| exp(j)G) where
exp(f) = (F|G) is the defining representation of exp(f) in terms of S(f).
Step 3: At this point, said exp(j) = (H|K) the defining representation of exp(j) we want to prove that
(exp(j)F|exp(j)G) = (H|K)(F|G) by confinality.
First we see that since j € J we have H < exp(j) < K. Then we see exp(f) — exp(f)[f — fln =
exp(f)([f f]n+1 [f f] )
exp(f) exp(f)Lf = fln + Blexp(f) = exp(HIf = fla) <
< exp(j) exp(H)If = flu + exp(§) exp(f)([f = flass = [f = fla) =

= exp(j) exp(H)[f = flanr

and other similar inequalities allow to conclude cofinality. O
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Proposition 2.51. If x € J then exp(x) € M moreover

exp(r) = {O,exp(a:’)(x - x/)n}‘{(exp(x”)}

x// _ x)”

where ' ranges in the purely infinite lower initial segments of x, and x" in the purely infinite upper
initial segments of x”.

Proof. First notice that if x is purely infinite and & <; x then |x — Z| > 1 is infinite, hence no
terms of the [z]a,41 arise in the inductive representation. On the other hand, for the same reason
[z — 2], < (z —2)"" and [2" — 2], < (2" — )" "1, so by cofinality we can raduce to terms of the
above form with ' and z” ranging amond respetively lower and upper initial segments of z. Let us
prove that we can further restrict ' and z” to the purely infinite initial segments. This is because if
T =7+ f <sx with f finite and j € J, then one has that

F <z — exp(7)(Z — )" = exp(j) exp(f)(& — 2)" < exp(4)(j — )" < exp(j)(j — )"

exp(@) _ exp(j)exp(f) _ exp(j) . _exp(j)
(& — )" (& —a)" (=) (G —a)tt

Finally exp(j) € 9 follows immediately from the fact that for for every ' € L(z),z” € U(z) and
n,m €N

T>x—

exp(z”) exp(z”)
(l‘” _ x)"‘H (x// _ x)n

m—+1

(x — 2" )™ exp(a’) < (x — 2")™ T exp(2’) < exp(x) <

hence exp(z) is the simplest element of a union of archimedean classes. O
Proposition 2.52. If x and y are both purely infinite then exp(z + y) = exp(x) exp(y).

Proof. We prove this by induction on le(z) @ le(y). We can build a representation of exp(z + y) with
typical lower terms

exp(z +y") exp(z” +y)
(y// _ y)n ’ (m// _ J?)m
with 2/, 2" € §(z), y,v" € S(x), v’ <z <z",y <y<y’', n,meN

We show that these are cofinal in the terms of the presentation of exp(z)exp(y) arising from the
definition of product

{07 exp(z +y)(y — )", exp(z +y) (2 — w')m}

e for lower terms of the form exp(z’) exp(y)(z —2')™ +exp(x) exp(y’ ) (y —y')™ —exp(z’) exp(y') (x —
2)*(y — y')™ we have by inductive hypothesis and easy estimates

exp(a’) exp(y)(x — 2)" + exp(z) exp(y) (y — y')™ — exp(z’) exp(y) (z — )" (y — y')™ <

)n+1 m+1}

<exp(2’+y)(z—2")"+exp(x+y')(y—y' )" < max{exp(z’+y)(z—2’ sexp(z+1y)(y—v)

e lower terms of the form

exp(z”) exp(y) | exp(z)exp(y”) exp(z”) exp(y”)

(2" —x)" (y" —y)m (@ —2)"(y" —y)™

are easily seeen to be negative by an order of magnitude argument

e upper terms are, w.l.o.g. (that is up to exchanging = and y) of the form

exp(y”) exp(z)  exp(y”)exp(a’)(z —a")™
(y" =y (Y —y)"

exp(y") exp(x) , (@ =)™
—=—~ > exp(x’) exp(y" ) ———=— hence
(" =y (@) exp(y”) (y" —y)

exp(a’) exp(y)(z — /)™ +

notice that

, o, SR () | exply”) exp(e!) (@ — )"
exp(x )exp(y) (.’I} ) + (y// o y)n (y// o y)n Z

exp(y"”) exp(x) _ exp(y”) exp(z’)(z —a")™ _ exp(y”) exp()
(" —y)n (y" —y)" T (v =yt
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This concludes the cofinality argument. O
Theorem 2.53. The function exp : No — No is a positive exponential function.
We now prove that exp| : J — 9 = wN° is surjective defining an inverse.

Proposition 2.54. There is one and only one function In : wN° — J C No satisfying the recursive
relations

1"

In(e?) = {In@") & n,Ine”") — w5 | ’ {n@*") = nIn(w") +0"5 }

as ', &' and n range in L(x), U(z) and N\ {0} respectively. Moreover

—x

Vz,y € No,¥Vn € Nz <y — 1 < In(w?) — In(w®) < w'=

(Ln.Conv)

Proof. We prove by induction on « that In(w®) is defined for € No,1 and that for every z,y € No,,
Ln.Conv holds.
Let us prove the required inequalities in the terms of the defining representation

e In(w®) 4+ n < In(w”") + m because In(w*") — In(w®’) > 1.

o—a!

o In(w™) +m < In(w”) 4+ w = because even if x} < x{, one has

! o, zo=e] zmoy
0 <ln(w®) —In(w™) <w™7» <w = —m
.. 2! 2z 2! e n "
e similarly In(w®) —w™ = < In(w® ) — m becasue even if 27 < z{
olf ol ol ==

0<1n(ww6/)—ln(w“:/1/)<w m<w . —m

2!

e finally ln(wzﬁ) —wT < ln(wwl) +w™ because

" P~ " ’

In(w® ) — ln(w””/) <w m o <w o 4w

It remains to prove Ln.Conv up to No,1: consider z < y € Nog,+1, if z and y are related by simplicity
then this is obvious from the inductive representation, otherwise set z = x Ay, so that < z < y then,
using again the representations for every n € N\ {0}

In(w?) — In(w”) > (In(w®) +n) — (In(w®) —n) =2n

y—z

In(w¥) — In(w®) < (111(0.)2) +wn

) — (ln(wz) —w%) =wm 4w <Rw

This concludes the proof. O
Theorem 2.55. The above defined In is a compositional inverse of exp|:J — 9.

Proof. See [6], Theorem 10.9. O

Then one can extend the definition of In to No~° decomposing a positive z € No as z = mr(l+e,
withm = Im(x), r = le(z) € R?, |¢| < 1 and setting

\k—1_k
In(z) = In(m) + In(r) + > (1)%
k>1

That way one gets a In : No”% — No, which is a compositional inverse of exp. One also gets the
anticipated result that G = Q ! oexp| : J — No is strongly linear and monomial (i.e. preservses
infinite sums and sends monomials into monomials).

Theorem 2.56. The function G : J — No defined as® G = Q' oexp]| is strognly linear and has the
form G = idg(Q(g))) for g : No”° — No a surjective increasing function that satisfies the inductive
relation

g(x) = (" olm(x) Ug(L(2))))9(U(x)))
Proof. See [6], Theorems 10.11 and 10.13. O

T

5 Q is just Conway’s omega written in a prefix notation, i.e. the map Q(z) = w
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2.7 Application to Transseries

It has been shown in [4], that transseries can be embedded into surreal numbers so to preserve infinite
sums, exponentials and logarithms, moreover it is possible to define the embedding so that the base
parameter x of the field of transseries is sent into any positive purely infinite surreal of such that all of
its iterated logarithms are purely infinite: one calls such numbers log-atomic numbers.

Definition 2.57. A log-atomic number is a positive purely infinite surreal z € J with the property
that for every n € N, its n-fold iterated logarithm log, (z) is defined and still is purely infinite, or
equivalently that log, (x) is a monomial for every n.

The idea is that one can build copies of the various T'(m,n) in such a way that all maps become
inclusions, otherwise stated there is a natural transformation (i.e. a cone) T'(m,n) = No.

Construction 2.58. Define inductively maps
fax 1 Ky — No N, — M myx M, — M

as follows: f_; , M_q x and n_; ) are the obvious inclusions respectively from K_; =R, 9_; =1 and
2M_1 =1, then define 1 ) as

Mgt No = M Mo, (t7) = exp(ln(A)r)
finally for n > 0 define
Jrx = idg((mp)) - Ky = R(MN)) — R((9M)) = No

Mpt1 ) = expofn,A o (E)71 Imn+1 —J, = J =M

M.,
Mp4+1,0 = [ﬁn,)\ ﬁ'rH»l,)\] : 9jtrH»l = O — m
mn-{-l

Remark 2.59. One could also have defined directly transseries into surreals, as the images K, » =
fn 2K, satisfy the following relations hold

K_;,a=R Mo\ = exp (Rln(/\))

Ky = anl,)\((mn,)\)) Nyt1,0 = €xp (Kn,)\ ((mil/\)))
Lemma 2.60 ([4], Lemma 4.14). J, x is a well defined R-subspace of J, and Jp+1,x > Jn.a
Lemma 2.61 ([4], Lemma 4.16). For all n € N one has

exp(Ky,n) € Kpgia Knx € Kng1,mn 10g(K;9) € Knt1,m(n)

Definition 2.62. Set
Tﬁ’,\ = U KnJrk,logk()\) Tf = U Kk)\

k>—n keN
EL __ _ L _ E
T)‘ - U K"JOgm(A) - UTH,)\ - UTlogm()\)
n,m n m

Each ']I‘fL is an isomorphic image of TF~.

Fact 2.63. For every n € N one has that In, (w) = w* " = Q(Q(-n)).

Proof. Tt follows inductively from the fact that expoQd =QoGoQ=0Q0Q0g so

—n+1

exp(w® ) =expoQ(w ™) =QoQog(w™) =w® ifn>1
for it is known that g(w™™) = —n + 1 for n € N\ {0} (see [6] Theorem 10.15). O

Remark 2.64. From the fact above it follows that the field of transseries TZZ is not closed under €2,
as
1<w " =QQ(~w)) < In, (w)

for every n, hence it cannot be Q(Q(—w)) € TEL as In,(w) is coinitial in the group (ime)>l of
monomials of TEL.
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2.7.1 Rereading the isomorphism J}, ~ K},

It could be useful to reread the proof of Proposition 1.101 regarding transseries as embedded into Sur-
reals. We take this opportunity to write the proof in a more discursive fashion without the use of the
B((a)) notation. A perk of this approach is that we can regard h as a chain isomorphism h : No — No
defined by a formula, so that h(K) = K> for every subfield K, and such that h(1) = 1.

A relative disadvantage, instead, is that we need to define several version of the maps ~,, each corre-
sponding to a version f, » : K, x = Jp x of this map.

Construction 2.65. We define a family of ordered abelian groups isomorphism f,, x : K, — Jnx
inductively as follows. The base case is

foax:Koga=R—J_ 1, =RlogA) J-1a(r) =log(\)r

Then the idea again is to use the ordered abelian group isomorphism f, » : K, » — I, » to define a
chain isomorphism

TS oho fiy i Iux =I5
It is not difficult to see that this is well defined: first we see that h restricts to a chain isomorphism
Kpx — Ki&, then we observe that since f,,  is an ordered abelian group isomorphism it restricts to
an order isomorphism of the positive cones ; 9 K;,O)\ — Jig\. So analogously to the definition of ~,

one can set ~
Jnria  Kopix = Jngain idk, ((expofnroho f, ' olog))

This means the following: an element of z € K;,41,» can be written uniquely as

v=> kiexp(ji) ki €Kon\{0}  ji € Jnn

i<

with {j; : i < a} strictly increasing, then f,4+1 x(x) is

farin(@) = kiexp (faxoho fi3(5) € Jnpin (2.1)

i<a

It is easy to see that f,, 41 x is an ordered abelian group isomorphism as well.

Proposition 2.66. For the above defined f, x we have

fn,/\
Kn A v]]n,)\

2

O

fn+1,log()\)
Kn—i—l,log()\) ” JnJrl,)\

Proof. We proceed by induction. Case n = —1 is the following, let » € R = K_; ), then clearly
f=1,x = log(A)r by definition. Let us compute fj 105(1)(7): one has r =r -1 = rexp(0), hence we first
need to compute

(f=110g(x) © B0 f:11,10g(>\)) (0) = (f-1105(x) © 1) (0) =logy(A)r

Thus we have fj10g(x)(7) = 7 exp(logy(A)) = rlog(A).
New let us come to the inductive step: assume the diagram in the statement commutes, we want to
show that the one obtained replacing n with n + 1 commutes as well. Let us take

Kniix 3z =Y kiexp(ji) ki €Koa\{0}  ji € Jnx

i<a

we need to show that f, 1 x(z) of Equation 2.1 equals f,, {2 10g(x)(%). In order to compute it notice
the rewriting of = above is valid also in order to compute f, 2 10g(x)(%) inductively because K, x C
Kit110gn) and Jnx € Jngi110g(n), thus

Fat21080) (@) = D ki XD (fariiosn) © 10 frly 1ogin (i) (2.2)

<o

Hence in order for f,11x(2) = frnt2,10g0) (%) to hold it suffices that

fn—&—l,log()x) oho f,ﬁ;&l’]og()\) (y) = fn,)\ oho fnj;(y)
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for every y € J,, ». This follows trivially from the inductive hypothesis:
fn_il,log()\)(y) = fn_,i(y) = ho fn_—il,log(k)(y) =ho fn_;\(y) =

= fn-l—l,log()\) oho fnjil,log()\) (y) = fn,)\ oho f;i(y)
O

Remark 2.67. The f, » cannot be glued along the inclusions K,, x C Ky41,x as Jpx NJpt1,0 = 0.
Notice that even though f, 105(x) € fnt1,l0g(n), the inductive definition of the latter is not based on
the former, but on f, 106(»)-
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